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A general class of anisotropic multi-phase-field models is proposed to de-
scribe the motion of multiple interfaces that may intersect at multiple junc-
tions. The model reduces to classical sharp interface models in the limit of
vanishing interfacial thickness. Numerical simulations show that our model is
capable to recover generic features of grain growth such as crystalline curva-
ture flow, an anisotropic as well as a crystalline version of Young’s law at triple
junctions, wetting phenomena and the (in-)stability of quadruple junctions.

PACS number(s): 64.60.-1, 68.35.Rh, 81.10.Jt

The phase-field methodology has recently emerged as a powerful mathe-
matical and computational modelling technique to capture a wide variety of
crystal growth and solidification structures. In this Letter, we present the for-
mulation of a general anisotropic and crystalline multi-phase-field model which
has the flexibility to be applied either to simulate multi-phase alloy systems or
to model growth phenomena in polycrystalline microstructures. The proposed
model uses N order parameters to describe different phases in alloy systems or
different orientational variants in a polycrystal. To design the multi-phase-field
model, an approach by Steinbach et al. [1] has been extended to incorporate
effects of smooth and crystalline time relaxation and surface energy anisotropy
[2]. In phase field models the interface has a positive but small thickness and it
can be shown by formal asymptotic expansions that classical physical laws can
be recovered in the sharp interface limit of vanishing interfacial thickness. In
[2], the relation of the diffuse interface model to a sharp interface model in the
asymptotic limit is shown for smooth anisotropies. In particular, an anisotropic
form of the Gibbs-Thomson equation at interfaces and an anisotropic equilib-
rium condition at triple junctions, known as Young’s law, with additional shear
forces due to surface energy anisotropy is derived. By introducing generalized
Cahn-Hoffman g—vectors and a stress tensor formalism for the multi-phase-field
model, an alternative way to obtain the sharp interface equations has been in-



troduced in [3]. For the case of crystalline, non-differentiable surface energy
anisotropies, the local force balance at triple junctions can be obtained using
the notion of subdifferentials of convex functions, [4]. The analysis in [2, 3] en-
sures the validity and reliability of the new multi-phase-field model and allows
for numerical simulations e.g. of grain growth phenomena. First numerical
results in [2, 4] illustrated a high agreement with the sharp interface analy-
sis and demonstrated that the multi-phase-field model is capable to describe
the influence of shear forces acting on interfaces and junctions when smooth
or crystalline surface energy anisotropy is taken into consideration. The aim
of this Letter is to show the extensive applicability of the multi-phase-field
model as a computational tool for microstructure simulations describing gen-
eral features observed in real recrystallisation experiments. The application of
the multi-phase-field model to multi-phase systems such as eutectic, peritectic
and monotectic alloy systems can be found in [3, 5].

The vectorial multi-phase-field model is presented in terms of a generalized
Ginzburg-Landau free energy £(u) which is a functional of the multi-phase-
field vector u = (uy,...,uy) : (0,T) xV — %, with V c R?, d = 1,2,3. In
the simplest case (not taking into account the dependence on e.g. temperature
and concentration) the functional is of the form

E(u) = /v <5f(u,Vu) + é@(u)) dv. (1)

Here, ¢ is a generally small length scale parameter which is related to the
thickness of the interface. A vector of phase fields u is necessary in order
to model the motion of N different grains or phases. Each component u;,
1 =1,..., N, describes the fraction of a specific grain or phase, so that u € G
where G := {u € R" : w; >0, Zf\il u; = 1} is the Gibbs simplex in RV,
The association with fractions motivates the following definitions of the space
Yi={ueR" : Zf\il u; = 1} and of the projection T onto the tangent plane

TY :={u € RY - Zf\il u; = 0}, given by (Tu); := u; — % Z;V:I uj. For the
free energy density ¥(u), a higher order form of a multi-obstacle potential is

used. Precisely we take

16 .
\Il(u) = F Z,u,-ja,-ju,-uj' + Z OikU U UL,

1<J 1,7,k

if u lies on the Gibbs simplex G and oo for all other u. In the above formula
gi; and fi;; are positive, symmetric (in ¢ and j) surface energy and kinetic
parameters and the o;;; are positive constants. The global minima for ¥
on G are e',....e" and they correspond to the individual grains or phases.
Here, €' denotes the i-th standard unit vector in IR". Choosing an obstacle



potential gives that the interfacial regions are localized, so that in principle,
the phase-field equations (Eq. (2)) need to be solved only in the vicinity of the
interfaces. The higher order terms ik Tijkuiuguy allow, by suitably choosing
the parameters o, i, to increase the energy in the interior of the Gibbs simplex.
In systems with more than three order parameters these terms ensure that a
stationary wave connecting two minima of ¥ is forced to lie close to the edges
of the Gibbs simplex G. As a result a good calibration for the parameters o;;
and ji;; of the phase field system with the surface tension o;; and the kinetic
coefficient p;; of the sharp interface model is achieved (see [2]).

The surface energy contributions of all interfaces in the system are realized
by the anisotropic gradient energy potential

f(u,Vu) = Z &AﬂuiVuj —u; Vu|? .

.. J
i< iy

Anisotropy of the surface energies is incorporated into the model by the de-
pendence of A;; on (u;Vu; — u;Vu;). As smooth anisotropies, in two dimen-
sions, one can use e.g. Af"(v) = (1 + d;; cos (M;;(8 — aj;))), which is a nat-
ural extension of an expression for solid/liquid phase systems by Kobayashi,
[6]. Here, # = arg(v) is the angle which the vector v forms with the z—axis,
M;; € IN realizes an M;;-fold anisotropy, «a;; € [0,27) describes the relative
orientation of the anisotropy with respect to the z-axis and §;; € (—1,1)
measures the strength of the anisotropy. The surface potential f and the
bulk potential ¥ are chosen in such a way that the energy of the two phase
stationary wave solution connecting e’ and e’ in direction of the unit nor-
mal v to the i/j interface is exactly o;(v) = 7;;A7"(v). For crystalline
anisotropies, we choose non-differentiable gradient energy coefficients of the
form A (v) := max{(v/|v])-nf;; k=1,..., M;;} with given nf; € IR? defined
by nfj := (cos(2mk/M;; — cvij), sin(2wk /M, ; — cvi;)). The Wulff shape associated
to AS7 is the convex hull of the 7}, (see [2]). The governing equations of motion
for u are derived as the L?-gradient flow of the Ginzburg-Landau free energy
E. In the case of a smooth ¥ we obtain

efu, =edivT fx(u,Vu) — eT fu(u, Vu) — 1T y(u), (2)

together with the natural boundary condition T'f y(u, Vu) - vy = 0 on 9V.
We remark that the obstacle potential ¥U(u) leads to a parabolic variational
inequality instead of a partial differential equation (see [2, 4] for details). The
notation f, denotes the derivative with respect to u, and fx denotes the
derivative with respect to the gradient variable Vu. The scalar kinetic coeffi-
cient 3 can be of anisotropic character by letting 3 depend on (u, Vu).

For smooth anisotropic free energies, the phase field system in Eq. (2)
alms to approximate a sharp interface model in the limit when the interfacial



thickness parameter ¢ tends to zero. The full derivation of the sharp interface
model is presented in [2]. In summary: The limiting motion of sharp interfaces,
separating two grains or phases ¢ and 7, is given by the kinetic Gibbs—Thomson
law

[1ij(0)V = — (6i;(6) + 575(8)) &,

where V and x are the normal velocity and the mean curvature of the inter-
face and the quantities 6 and [ relate to o and u, respectively, via 6(4) =
a(v(h)),1(8) = pu(r(d)), with v(#) = (cosf,siné). For anisotropic systems,
both, the limiting kinetic coefficient fi;; and the surface energy &;;, may depend
on the orientation of the individual interface. At triple junctions we obtain
the classical force balance law (Young’s law) including shear forces (Herring
torque terms) which are due to surface energy anisotropy

(5'1'3'(91)1/1 + a'l/']‘(el)Tl) + (&jk(ez)lfz + &3k(92)7'2) + (6%:i(03)v3 + 67,(63)73) =0 .
(3)

Here, v; and 7; are the normal and tangent vector to the interface. At external
boundary points, where an interface and the domain boundary intersect, the
natural boundary condition

(6:;(0)v +6.,(0)7) - vay =0 (4)

has to hold. The surface energies o,;(r) are determined by the energies f
and U of the phase field model as o;;(v) = 2ff°oo V¥(q)f(q,q @ v)(z)dz,
where q represents the energy of a stationary wave solution in normal direction
connecting two minima e' and e’ of ¥. Similarly, the kinetic coefficient y;;
can be computed to be p;(v) = [7_B(q,d’ @ v)|q'|*(z) dz. We point out
that, in a general system of N grains or phases, it is not possible to find
a simple expression for the relation between o;;, p;; and ¥, f, because the

stationary wave solution g has to be determined. Although in the case of
the multiple obstacle potential the simple relation o,;(v) = &,;A4,;(v) can be
verified numerically which is the reason for the good calibration property of
the obstacle potential (see [2]).

For crystalline, non-differentiable energies, a crystalline motion law for
faceted interfaces can be formulated (see [7, 8]). The notion of subdifferentials
Doi(v:), 1 =1,2,3 for convex functions o; is introduced to derive a crystalline
version of Young’s law at triple junctions, [4]. Herewith, the force balance law
reads & + & + & = 0, where & € Do;(v;). The vector & is the force acting
on an interface labelled 7. The tangential component of & represents surface
tension effects, while the normal component of & is the surface shear. Fur-
thermore, a crystalline version of the condition at external boundary points
¢ - vpy = 0 is fulfilled, where £ € Do(v) and vgy is the outer normal to V.
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The numerical simulations for the phase field model (2) are performed by
implementing a discretization with finite differences (for details see [2]). In
Fig. 1 the evolution of a horizontally aligned planar interface with isotropic,
anisotropic and crystalline surface energies in situations where the interface
intersects the external domain boundary is reproduced. The simulations are
performed with an initial 90° angle configuration between the interface and the
domain boundary. For non-isotropic interfaces, shear forces acting in normal
direction to the interface occur which rotate the boundaries in a direction of
lower anisotropic or crystalline surface energy. The respective angles at the
domain boundary fulfill the anisotropic or crystalline form of the equilibrium
force balance law. The angle ¢ measured in the simulation Fig. 1b compares
favourably with the theoretically predicted value which is a solution of the
equation

(1 4 d;5cos(Mij(p — ajj)))cosp + 6 Mizsin(M;j(p — ayj))sing = 0.

The above formula is equation (4) in the anisotropic case (see [2]). Due to
crystalline surface energy anisotropy in Fig. lc, strong facets are formed. In
accordance with the definition of flow by crystalline curvature ([7, 8]), the
facet in the middle which is with respect to its neighbours neither convex nor
concave has zero velocity.
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Figure 1: Evolution of a horizontally aligned planar interface for (a) isotropic
surface energies (the solution is stationary), (b) smooth anisotropic surface
energies with M;; =2, §;; = 0.3, o;; = 120° and (c) crystalline surface energies

with M,'j = 4, A5 = 10° and Z,] == 1,2, 7 7é ]

For numerical computations of triple junctions we used a T-shaped ini-
tial configuration, Fig. 2a. We investigate the influence of surface energy
anisotropy on the angle condition at the triple junction. In accordance with
the analytical expression, Eq. (3), angle conditions differing from 120° are
obtained as a result of additional torque terms in this anisotropic situation.

In isotropic systems, wetting occurs if the surface energies violate the sta-
bility condition o,; < o + op; . An eFample of recrystallisation and wetting
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Figure 2: Phase-field simulations of triple junctions for (a) isotropic surface
energies 0;; = 1, (b) anisotropic surface energies with o;; = 1, M;; = 4,
di; = 0.065, o;; = 10° and (c) crystalline surface energies with o,; = 1, M;; = 4,
Q5 = 10° and Z,]Z 1,... ,3,275_]

is illustrated in Fig. 3 for a system of four different order parameters. We
remark that by introducing more order parameters u it is possible also to
compute systems with more orientational variants.
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Figure 3: Recrystallisation and wetting in an isotropic system with surface

energies 0y = 013 = 014 = 04 = 034 = 0.7 and o953 = 1.8.

To investigate the stability of quadruple junctions, we use different sets
of surface energy parameters o;;, Fig. 4. As expected from theory [2, 9],
the simulations prove that a quadruple point is unstable if 093,014 < V20
(Fig. 4a and Fig. 4b) and stable if 023,014 > V20 (Fig. 4c). According to
this condition, a quadruple point splits into two triple junctions if the outer
angles at the triple junctions are larger than the corresponding angles in the
quadruple junction.

In Fig. 5, the multi-phase-field model is applied to describe the symme-
try properties of adjacent grain boundary triple junctions in hetero-epitaxially
growing tri-crystalline microstructures in thin metallic aluminum films. In
such films the number of different grain orientations can be controlled via epi-
taxial constraints (see [10, 11]). For a system with three orientational variants
we constructed, on the basis of geometrical arguments of grain boundary sym-
metries, an eight-fold crystalline surface energy anisotropy to model the exper-



Figure 4: Numerical study of the stability of quadruple junctions using surface
energies 0 1= 01y = 013 = 094 = 034 = L and (a) 095 = 014 = 1, (b) 093 = 014 =
1.4 and (c) 023 = 014 = 1.9. Initially we chose a cross—shaped configuration.
In all three cases the solution is plotted for different times and it is seen that
the quadruple junction remains stable only for the last set of parameters.

imentally observed grain structures. This energy formulation corresponds to a
regular octagonal Wulff shape. In accordance with experimental observations,
the phase-field-simulations show that two adjacent triple junctions always be-
long to different symmetry classes. It can be verified that all triple junctions
in the system fulfill Young’s force balance. Starting with the initial grain con-
figuration of Fig. 5a, the framed region in Fig. 5b (the solution at a later
time) illustrates that the simulated system relaxes into a grain configuration
that can be found in thin film experiments such as in Fig. 5c.

Figure 5: (a) and (b) Phase-field-simulation of the stability and symmetry
properties of grain boundary triple junctions in a microstructure of three ori-
entational variants, (¢) experimental grain structure of a thin aluminum sample
(taken from [10]) in comparison with (d) the magnification of the simulation
and (e) schematical drawing of the cubic crystal axes which are rotated by 30°
with respect to each other.



In conclusion, we have shown that phase field models are able to describe a
wide variety of phenomena in the case of multiple interfaces that may intersect
at junctions. We incorporated anisotropy in the model and got anisotropic
versions of equilibrium conditions at junctions. In particular we were able to
quantitatively recover features observed in experiments (e.g. in the case of
the polycrystalline thin film). In further studies it is planned to incorporate
heat and mass diffusion as well as convection into the model and to perform
numerical computations in three dimensions.
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