A DIFFUSE INTERFACE MODEL
FOR ALLOYS WITH
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ABSTRACT. A non-isothermal phase field model for alloys with multiple phases and com-
ponents will be derived. The model allows for arbitrary phase diagrams. We relate the
model to classical sharp interface models by formally matched asymptotic expansions. In
addition we discuss several examples and relate our model to the ones already existing.

1. INTRODUCTION

The phase field method is a powerful methodology to describe phase transition phe-
nomena. The method has been used to describe solidification processes [5, 27] as well as
microstructure evolution in solids [12] and liquid-liquid interfaces [22]. There are phase
field models for pure substances [5, 27], binary alloys [7] for eutectic, peritectic and mono-
tectic systems [35, 24, 25, 26] and furthermore also the evolution of grain boundaries can
be modelled by phase field models or order parameter models [10, 11, 13].

Traditionally the evolution of interfaces, such as the liquid-solid interface, has been
modeled as a moving boundary problem. This means that pure phases are separated by a
sharp interface. In the phases partial differential equations, e.g. describing mass and heat
diffusion, are solved. These equations are coupled by boundary conditions on the interface,
such as the Stefan condition demanding energy balance and the Gibbs-Thomson equation.
Across the sharp interface certain quantities, e.g. the heat flux, the concentration or the
energy, may suffer jump discontinuities.

In phase field models the individual phases are distinguished by one or more so-called
phase fields. In different phases the phase fields attain different values and interfaces are
now modelled by a diffuse interface, i.e. the phase fields and also all other quantities do
not jump across an interface but they change smoothly on a very thin transition layer (the
diffuse interface). For example for a solid-liquid phase transition we choose a phase field
taking the value one in the solid and zero in the liquid and across an interface the phase
field will vary smoothly from one to zero.

The concept to describe interface evolution by a phase field model was introduced by
Langer [21] using ideas of Halperin, Hohenberg and Ma [19] who studied critical exponents
for transport coefficients. But diffuse interfaces with a non-zero thickness were already
used by van der Waals [32], Landau and Ginzburg [20] and Cahn and Hilliard [8]. In
papers by Caginalp [5] and Caginalp and Fife [6] formal asymptotic expansions were used
to show that a variety of Stefan problems appear as asymptotic limits of the phase field
equations for solidification. By now, in many cases, including the Cahn—Hilliard equation,
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the Allen—Cahn equation and the phase field model for solidification, it can be rigorously
justified that one recovers sharp interface models when the interface thickness approaches
zero (see for example [28, 31] and the references therein). In recent years modifications of
the original phase field equation appeared which are derived from basic thermodynamic
principles and which are therefore referred to as thermodynamically consistent phase field
models (see Penrose and Fife [27], Alt and Pawlow [1], Wang et al. [34]).

The aim of this paper is to derive a phase field model with the following properties:
The model

e is thermodynamically consistent,

e allows for an arbitrary number of phases and components,

e is defined solely via the bulk free energies of the individual phases, the surface energy
densities (surface entropy densities, respectively) of the interfaces and diffusion and
mobility coefficients,

e vields classical moving boundary problems in the sharp interface limit.

The third requirement enables us to define the full set of phase field evolution equations
by quantities which (in principal) can be measured. Since the bulk free energies determine
the phase diagrams (see e.g. Chalmers [9], Haasen [18]) our model can be used to model
phase transitions for arbitrary phase diagrams. We remark that in a multi phase field
model computing the surface free energy densities (or surface entropy densities) is difficult.
Here one can make use of the studies by Garcke, Nestler and Stoth [15], were free energies
for phase field methods with good calibration properties have been developed. This means
that for given surface free energies (also called surface tensions) one can calibrate the
parameters in the free energies of the phase field model in such a way that the sharp
interface limit is defined via the given surface tensions. In particular the sharp interface
problem is defined with the help of the surface free energies.

In the following section we introduce the phase field model in its full generality and
state the corresponding sharp interface model. In Section 3 we give examples and relate the
model we propose to models already existing in the literature. Finally, we show via formally
matched asymptotic expansions that the phase field model yields the sharp interface model
in the limit when the interfacial thickness tends to zero.

2. THE MODELS

We consider a domain Q € R% d € {1,2,3}, and we assume that the system has N
components with M different phases possible.

2.1. The phase field model. The phase field model is based on an entropy functional of
the form

Sle,c, d) = /Q (s(e, ¢, 8) — (ca(d, V6) + Lu(9))) da. 1)

We assume that the bulk entropy density s depends on the internal energy density e,
the concentrations of the N components ¢;, 1 < ¢ < N, and the phase field variable
¢ = (¢a)M_,. The variable ¢, denotes the local fraction of phase o and we require that
the concentrations of the components and the phase field variables fulfill the constraints

N M
202:1, qua:l. (2)
=1 a=1



It will be convenient to use the free energy as a thermodynamic potential. We therefore
postulate the Gibbs relation

df = —sdT + > pide; + Y radds (3)

(see Alt and Pawlow [2] who show that the Gibbs relation is a consequence of the entropy
principle). Here, T' is the temperature, y; = f ., are the chemical potentials and r, = f 4,
are potentials due to the appearance of different phases.

We set
e= f+sT, (4)
and hence
de=Tds+ Y jude; + Y radpa, (5a)
1 M Ta
ds = de Z ie; - za: o (5b)
If we interpret s as function of (e, ¢, ¢) then we have
1 — i —Ta

e — T’ S,ci T s S,¢a = T .
Later it will convenient to switch between the variables (T, ¢, ¢), (e, ¢, ¢), (T, u, ¢) and

(—%, % i, ¢) and we therefore assume for the rest of this paper that

e c— f(T, ¢, ) is strictly convex,
o T'— f(T,c, o) is strictly concave.

This will make the above changes of variables possible.

We remark that knowing the free energy densities of the pure phases, we obtain the
total free energy as a suitable interpolation of the free energies f,, i.e. f is such that
f(T,c,eq) = fo(T,c), with e, being the o’th coordinate vector.

So far we neglected interfacial effects. The thermodynamics of the interface gives ad-
ditional contributions to entropy and free energy. Let us first consider how interfacial
contributions are accounted for in a sharp interface model. Let I'y5 denote an interface be-
tween phases a and 8 and let v,5 denote the unit normal at I',5 pointing into the -phase.
Then in sharp interface models an interfacial term

-y / Yoy () AHE (6)

a<f
a?ﬂ:]-

with a positive function y,5 on S%! is added to the entropy (see [23], [33]). The notation
dH? 1 indicates integration with respect to the (d — 1)-dimensional surface measure.

In diffuse interface models the surface entropy functional (6) is replaced by a Ginzburg-
Landau type functional of the form

- / (ca(, V) + Lu(@)). (7)

Here, a is the gradient energy density which is assumed to be homogeneous of degree two
in the second variable, i.e.

a(g,nX) =na(¢, X) Y(¢,X) € RY x R*M and ¥ € RY,



and w is a non-convex function with exactly M global minima at the points eg = (34,5)2,,
1 <8< M, with w(e,) = 0. It has been shown under appropriate assumptions on a that
the functional (7) converges to the perimeter functional (6) when & converges to zero. We
refer to [15], [16] and Section 3 for appropriate choice of a and w. We assume in this paper
that a and w and hence the interfacial contributions to the entropy do not depend on
(T, ¢), but these dependences can be included leading to a much more complicated model
which we will study in a forthcoming paper.
Our goal is to derive balance equations

oe = =V - Jy (energy balance), (8a)
Owe; = =V - J; (mass balances, i = 1,..., N) (8b)

that are coupled to
01 = 1.h.S. (8¢c)

in such a way that the second law of thermodynamics is fulfilled in an appropriate local
version. Here .J; is the energy flux and .Ji, ..., Jy are the fluxes of the components ¢y, ..., cy.
In order to derive appropriate expressions for the fluxes Jy, ..., Jy, we use the generalized
thermodynamic potentials (compare (5b)) 22 = 1 and g—i = (=) which will drive the evo-
lution. Now we appeal to non-equilibrium thermodynamics and postulate that the fluxes

are linear functions of the thermodynamic driving forces V33, V25 V% to obtain

der?
0S 0S
J() Loo(T C, ¢)V— + ZLOJ T C, ¢) 6CJ
1 —Hj
= Loo(Tc, ¢)VT + ; Loj (T, ¢, 9) > (9a)
Ji = Lio(T, ¢, )V ZngTcaﬁ
1 — M
with mobility coefficients
(Lij)i,j=o,....N-
To fulfill the constraint Zfil ¢;i = 1 during the evolution, we assume
N
> Li=0, j=0,..,N (10)

which implies 327 .—1 Ji = 0 and hence 0, (ZZ . cl> =V (Zfil Ji> = 0. We further assume

that L is symmetric (Onsager relations) and in addition L is assumed to be positive semi-
definite, i.e.

N
Y L& =0 VE=(&,...,&y) € RV (11)

1,7=0



This condition will later ensure that an entropy inequality is satisfied. We remark that
we include cross effects between mass and energy diffusion in the model. One can neglect
them by setting L;p = 0 and Lo; = 0 for all i,j € {1,..., N}.

For the non-conserved phase field variables ¢, ..., ¢y, we assume that the evolution
is such that the system locally tends to maximize entropy conserving concentration and
energy locally at the same time. Therefore we postulate

Wgat¢a = % - A
— 5(V “Qp, (0, V) —ay, (0, Vqﬁ)) - éw,%(qﬁ) — fTﬁ -\, (12)

where we denote with a,, the derivative with respect to the variables corresponding to
V@, w is (in this paper) a constant kinetic coefficient and A is an appropriate Lagrange

multiplier such that the constraint Ziwzl oo, = 1 is satisfied, i.e.

1 1

_ fa
I R ! (13)

Relevant for the dynamics are the variational derivatives of .S that take the constraints
(2) into account. We can therefore reformulate the equations (9) and (12) in terms of the

projection of (%, %, %) onto the tangent space of the linear subspace whose elements
J fe3

satisfy the constraints. Defining
K
SK={deR": Y di=1},
k=1
and its tangent space
K
TS¥ ={deR": > dp=0}

k=1

the constraints (2) read as ¢ € ¥V and ¢ € M. In the following P* will denote the
projection onto TS . Then the relevant quantities for the definition of the fluxes are

<PN<—%M>>i:—% (m—%Zw) =—%% _ (i = 115)

whereas there are no changes to %. We remark that the quantities

i = %Z(Nz - Nj)

J

can be interpreted as generalized chemical potential differences. For two components we
obtain 7, = (u1 — p2)/2, i.e. the usual chemical potential difference multiplied by the
factor 1/2.



With the above notation we can rewrite the fluxes as

N
1
Jo = Loo(T ¢, ¢)Vf + ) Loj(T,c. )

i=1

—H
T b
JR— 7y

_ . 77
Ji = Lip(T, c, ¢)VT + ; Lij(T,c, ) T

Similarly we can rewrite (12) as

wedipa = PM |(V - 4, (6, V) = 4,6, (6, V) — éw,%w) - f%} ,

Altogether the total entropy density is given by
bulk entropy + surface entropy = s(e, ¢, ¢) — (m((b, Vo) + %w(qﬁ))

and a straightforward computation shows (setting po = —1)

Oy(entropy) = 9; (s(e, ¢, ¢) — ca(¢, Vo) — 1w (¢))

N
= ZV_Y':M 'LijV_Tluj_ (Z MZLZJV M]) +W€Z 8t¢°‘

2,7=0 2,7=0

—¢£ Z V- (a,pa8t¢a)

z-v(Z iy —5Zapa6t¢a>.
=0

The term in the brackets on the right hand side is the entropy flux. The first term represents
the entropy flux due to mass and energy diffusion and the second one is due to moving phase
boundaries (compare [1]). We refer to Alt and Pawlow [2] who show that for conserved
phase fields (they call them order parameter) either the energy flux or the entropy flux has
to depend on J,¢ in order to describe phase transitions.

The above inequality shows that the local entropy production is positive where the
entropy flux J; is given by

N o, M
— Z < ;fz Ji> - 6Za’pa8t¢a.
=0 a=1

2.2. The sharp interface model. In Section 4 we use the method of asymptotic expan-
sions to relate the phase field model of the previous subsection to the sharp interface model
which we state in the following. We obtain that the domain €2 is separated in phase regions
Q1,...,.Qs occupied by the pure phases 1, ..., M such that in every phase €,, a =1, ..., M,
the following evolution equations hold

Ope® = =V - (Lgo( , € Z Lo (T, ¢ ;—J> (energy balance), (15)
it = =V - (L%( € V— - ZL ;—J> Vi (mass balances). (16)



These equations can be e.g. formulated in the variables (T, u) (then the internal energy
e* and the concentrations ¢® are given as e® = e*(T% u®) and ¢® = ¢*(T%, pu®)) or as
more commonly used in the variables (T, ¢) (then the internal energy e® and the chemical
potentials p® are given as a e* = e*(T?, ¢*) and p® = *(T*, ¢%)).

On a (smooth) boundary I',g between two phases a and J we have (assuming an
isotropic surface energy)

T =T° =T (continuity of temperature), (17)

i =pl =g Vi (continuity of chem. potentials), (18)

el v =11’ v (energy balance), (19)

[clov=[J] v Vi (mass balances), (20)
BN i [e)B

Mo U = Yaph + o = 2 s leis (Gibbs-Thomson relation). (21)

T
Here, v = v4p is the unit normal pointing into 3, v is the speed of I' in this direction and
k is the mean curvature. The quantities
1 & 1 &
Af =i — e Du =~ Dl — ) where i = f2 (T c) (22)
7=1

=1

are the generalized chemical potential differences in phase a and []z denotes the jump of
the quantity in the brackets across the interface. The quantity 7,z is the surface entropy
density and the relation between the surface entropy and the entropy density in the phase
field model is given by

Yop = igf{Q/_ll Vuw(p)Valp,p' ® V)} (23)

where the infimum is taken over all Lipschitz continuous functions p connecting the minima
of w corresponding to the phases adjacent to the interface, i.e. p(—1) = e, and p(1) = eg.
The kinetic coefficient m,p can also be expressed in terms of the minimizer p (see [14]).
We remark that the Gibbs-Thomson equation can be derived by locally maximizing en-
tropy, conserving concentration and energy at the same time. For a stationary flat interface
the equations (17), (18) and (21) yield the classical equilibrium for phase boundaries. The
equilibrium condition at a flat boundary in rest that separates phases a and [ are

pe=p  forall i=1,..,N.
In addition the temperature has to be the same and (see (21))
8= milels =o.
For M phases to be in equilibrium we therefore have (N + 1)(M — 1) conditions. For each
phase we can choose N — 1 components and the temperature. Altogether there are
MN—-(N+1)(M—-1)=N-M+1

degrees of freedom. This is the Gibbs phase rule. We remark that for two component
systems the equilibrium conditions between two phases lead to the well known common
tangent construction.



Finally, at triple junctions where three phases «, 5 and d meet a force balance of the
form

YaBTa + V85785 + VsaTsa = 0 (24)

has to hold (compare [16]). Here, 7,5, 735 and 75, are the tangents to the interfaces I' o5, I'gs
and 'y, and they are assumed to either all pointing in the direction of the triple junction
or they are all pointing away from the triple junction. It can be easily seen that this force
balance is equivalent to certain angle conditions at the triple junction.

In the Appendix we will demonstrate that the entropy doesn’t decrease for solutions of
the above problem. In particular for a closed system we obtain using appropriate transport
theorems and assuming m > 0 and L = (L;;); j=1,..~ is positive semi-definite:

d d—1 / 1 —Hi / 2 37/d—1
i _ — - . .. >
o (/Q s(e, c)dx /F’yd?-[ ) =/ V T Jo + Ei \Y T J;i + : mu“dH 0

where the integral over I' is an integral over all possible interfaces.

3. EXAMPLES

In this section we will first demonstrate that the phase field method is capable to model
systems with a very general class of phase diagrams. In the way it is formulated the model
can describe systems with concave entropies s,(e, ¢) in the pure phases. This corresponds
to free energies f, (T, ¢) which are convex in ¢ and concave in T'. In the case that f(T),c) is
not convex in the variable ¢, the free energy needs to contain gradients of the concentrations
(similar as in the Cahn-Hilliard model).

We will first give a rather general example, which already covers most examples in
practice, and then discuss relations to existing models and possible partial linearizations
of the system.

3.1. Possible choices of the free energy. Choosing the phase field ¢ such that ¢ = ey,
corresponds to the liquid phase, we define bulk free energies for the individual phases by

fulT,0) = 3 (Lo T + kpTeiln(e) ) = o, T(n(T) - 1)

=1

with LM = 0and L&, i =1,...,N,a = 1,..., M —1, being the latent heat per unit volume of
the phase transition from phase o and pure component 7 to the liquid phase. Furthermore,
T* i=1,..,N,a=1,..., M —1, is the melting temperature of the i-th component in the
phase «, ¢, is the specific heat which here is assumed to be independent of ¢ and ¢; kg is
the Boltzmann constant. Then we define the total free energy density as follows:

F(T, e, 0) ZZ(QLO‘T L ¢a)) Y (ksTein(e;)) — ¢, T(I(T) — 1) (25a)

a=1 i=1 i=1

where h is a monotone function on [0, 1] that satisfies A(0) = 0 and h(1) = 1. Examples
are h(¢) = ¢ or h(¢) = ¢*(3 — 2¢). The last one has the property h'(0) = 1/(1) = 0 which
is suitable for phase field models as we will see below. With this choice of A the function
f is an interpolation of the individual free energy densities f,,.



We can calculate

s=—fpr=— Z Z (cZ 76 ) — Z (kpeiln(e;)) + ¢, In(T), (25Db)
so that N
e=f+Ts=— Z Z (¢iL{h(da)) + ¢ T. (25¢)

a=1 i=1
We remark that if L} = L for all components 4 then e does not depend on c¢. The chemical
potentials are given as

ilT,¢,0) = fa(T,e.0) = > (Lo 5 R(60)) + kpT(In(e) +1). (20)

a=1
Expressions for the quantities above in the pure phases are obtained by setting ¢, = €.
For example we have

4 = 0o fo = 0 f(T, ¢ ea) = L TE + kpT(In(ei) + 1)

for the chemical potential of the i-th component in the phase a.
Now we are going to give some examples for the terms modelling interfacial contributions
to the free energy. The simplest form of the gradient energy is

a(p, V) = [Vel* = Z IVal*.
However, it has been shown [14, 16, 29] that gradlent energies of the form

(0, Vo) = > Aas(0aVes — 5Vea)

a?ﬂ:]-
a<f

where A, are convex functions that are homogeneous of degree two are more convenient
with respect to the calibration of parameters in the phase field model to the surface terms
in the sharp interface model. A choice that leads to isotropic surface terms is

Yo
a(e, Vo) =) — Blwavwﬁ—wﬂv%l

a<f Map

with constants 7,4 and m,s that can be related to v, and mqapg in (21) (cf. [14]). For the
bulk potential one may take the standard multi well potential

wa(p) =9 Z maﬁﬁ’aﬁﬂ@i@%
a<f
or a higher order variant
Bat() = wat(9) + D VapsPaPsPs.
a<fB<d

For practical computations the multi obstacle potential yields good calibration properties.
It is defined by

16 -
wob(()@) = 7 Zmaﬁryaﬂ(pa(pﬁ

a<f



with a higher order variant

Wob(0) = Wab(9) + Y VapsPaPsPs
a<f<i

where w,;, and w,;, are defined to be co whenever ¢ is not on the Gibbs-Simplex G = {d €
M d, > 0}. We refer to [15] and [16] for a further discussion of the properties of the
surface terms.

3.2. Possible choices of the mobility matrix. Here we only give an example for the
part of the mobility matrix (L;;); j—o,....~ that defines mass diffusion resulting from chemical
potential differences, i.e. we do not specify L;o = Lg; for 0 < i < N. An example for those
terms, which in particular define cross effects between mass and energy diffusion will be
given in Section 3.4.

If I;(c;, T, p) are the nonnegative bare mobilities of the pure components we can argue
as in [3] to obtain

N —1
Lij(Tv c, QD) = ll(Tv ci?@) (52j - (Zlq(Ta angp)) l](T7 Cj?@)) 3 1 S Za] S N.
q=1

To give a simple example we assume that all bare mobilities are the same constant (e.g.
Li(T,ci, ) = 1). Hence
(Lij) ey =id — £1® 1,
where 1 = (1,...,1) and ® is the tensor product. Often it is more reasonable to assume
that the bare mobilities /; are linear in ¢;, and in the easiest case ([;(T,¢;, ) = ¢;) we

obtain

(Lij)iie1 = (i — ¢))mn
Choosing a free energy of the form (25a) and taking (26) into account we get the following
equations for the concentrations:

8tCi =-V.

LV + Yl — )V (= S (L = Bh(ea) — hnlln(cs) + 1)

a=1

=V. + kpAc;.

1 M N
LoV + 33 LV (L5 (2 = H)h(ea)

a=1 j=1

3.3. Relation to the Penrose-Fife model. In this subsection we will demonstrate that
our model includes the model of Penrose and Fife [27] as a special case. In this case there
is only one component and we can neglect the variable c. There are two phases, so we will
write the equations in terms of the solid fraction ¢ = ¢;. Then by (2) ¢o =1 — ).
The first phase, the solid one, is characterised by ¢ = 1, hence ©» = 1. We assume its
free energy density to be
ff= L% —¢,T(In(T) — 1)

where T}, is the melting temperature and L the latent heat of the solid-liquid phase tran-
sition. The second phase, the liquid one, is characterised by ¢ = e, so ¥ = 0, and we take
the free energy density to be

fl'=—e,T(In(T) - 1).

10



We have
f(T,4) = LEE=h(4) — ¢, T(In(T) - 1),
hence
s(T, %) = —=Z=h(¥) + ¢, n(T)
so that
e(T, ) = —Lh() + c,T.

The evolution equation for the energy density yields

1
CvatT — Lh'(@/})@t@/) =-V- <LOOVT> .
Choosing Loy = ¢, K,T? and defining \(v)) = LK (¢)/c, we obtain

Now we choose a(¢, Vo) = £|Vo|* = £(|Véi | + [Vha|?) where ¢ = ki¢,/(2¢) for some
constant ;. Further we set w = 1. On the one hand we can calculate

0,6 = P? (V cax (Vo) — éw,¢(¢) - @)

- &(ﬁ) 1‘ i(ii) =, <L(Z - Tlm())h'(fﬂ/%;b,))
~(58) s Cvton) ~ = (7 7) Cii)
On the other hand we can write

(06 (O
o= (atd)z) - (—&w)’

and by setting K7 = ¢,/(2¢) we deduce

d (1 L v
0 = e = 1 (Swe )+ T2 ) (6) + 2
— & (v + 2 )

where

so(¥) = —zmw(¥, 1 =) — =h(y).

Finally we arrive at the system

o = Ky (M + sp() + k1)
T — N)oyp = Ko AT

which is the model of Penrose and Fife [27], Chapter 6.

11



3.4. A linearized model. In this subsection we are going to partially linearize our model.
This is done in such a way that the evolution equations in the pure phases are linear and
they indeed reduce to standard linear diffusion equations. We restrict ourselves to binary
systems but a generalization to higher order systems is straightforward.

We denote by ¢ = ¢; the concentration of the first component; therefore co = 1 — c.
Using that L is symmetric and the algebraic constraints (10) we obtain

Loy = Lig = —Loy = — Ly and Ly = Lyy = —Liy = —Loy.
Furthermore, we introduce the chemical potential difference
n= f,c = f,cl - f,02 = M1 — Ma.

Then the conservation laws for energy and concentration read (up to a factor 2 in the last
term of the right hand sides)

Qe = —V - LOOV% — VLV 7{ . (27a)
Qe =~V - Lmv% ~V-LyV Tf (27b)
Choosing
Lin=D7=, Li=Lon=eDf and Lo = e?cDQ% + KT?
the system (27a),(27b) reduces to
de =V - (KVT + e DVe+ e, DE2vs), (28a)
Die =V - (DVC n D?—Z‘quﬁ) . (28b)

Here K and D are coefficients that may depend on ¢.

We assume as in (25¢) that the internal energy density is affine linear in the variables
(T,c). Then the system (28a), (28b) reduces in regions where ¢ is constant, i.e. in the
pure phases, to (here K and D are constants)

0T =V - KVT = KAT, 0,c=V - -DVe= DAc.

Here ¢, is the specific heat. These are classical linear diffusion equations for temperature
(Fourier’s law) and concentration (Fick’s law).

3.5. Relation to the Caginalp model. If we further linearize the system it can be seen
that our model leads to a generalization of the original phase field model [5] to the case
of alloy solidification. We consider a three phase system for a binary alloy. We choose the
free energy density

F(T,c,¢) = <n— - ZL“(ﬁa)cT ¢, T(In(T ZL%Q,

12



where L§ are latent heat coefficients and L{ and « respectively are coefficients entering
the chemical potentials. Then we get

3
s=fr= —(/{g . ;L‘f‘%)c—i— ¢, In(T),

e:f+T3:ch—ZLg‘¢a,

B fe Z o
T T "7 aLl%’
T - e

Choosing the mobility matrix as in the previous subsection we obtain

die = at(ch -3 qusa) — V- (KVT),

I Dv(m - ZL?%).

For the gradient energy we take the isotropic function a(¢,V¢) = 13" |Véa|?. Then
the equations for the phase field variables are

WeDyPa = eAGo — Lw g, (¢) + Lic+ 2 — A,

where A is the Lagrange multiplier (13). Now we linearize the term 7 in the above equation
around a temperature 7T,, to obtain

Wedba = EAGa — Lw g (¢) + LOC+ LS (ﬁ — (T - Tm)) Y

The equations for (T, ¢) are linear and all terms in the equation for ¢ are linear except
for the term wg,. A complete linearization cannot be expected because systems with
moving interfaces can never be linear as can be seen easily for the sharp interface model.

Finally we remark that this simplification of the model leads to a linearized phase
diagram, in particular the magnitude of the jump of the concentration in the sharp interface
model is constant for each of the phase boundaries.

4. RELATING THE MODELS BY ASYMPTOTIC EXPANSIONS

By matched asymptotic expansions we want to establish the relation between the phase
field model and the sharp interface model that were both described in Section 2. We are
going to generalize methods developed by Caginalp, Fife [6], Bronsard, Garcke, Stoth [4],
Garcke, Novick-Cohen [17], and Garcke, Nestler, Stoth [14]. We restrict ourselves to two
space dimensions, i.e. d = 2, but generalizations are possible.

Since the quantities (T, 1) are continuous across a phase boundary it will be convenient
to use them in the asymptotic expansions. More precisely we will use the variables ¢ and
u = (‘Tl, B ... B, Since f(T),-, ¢) is strictly convex and f(-,c, @) is strictly concave we
obtain that the mappings

(T,¢,¢) = (u,¢) and (e,¢,¢) = (u, )

are both invertible and a change of variables between these quantities is possible.
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We will use the variables (u,¢) in the asymptotics but the equations can always be
reinterpreted with respect to the variables (T, ¢, ¢) or (e, ¢, ¢). We write the conservation
laws as

N
Oei(u, @) =V - Lij(u,)Vuy, 0<i<N,
7=0

where we have set ¢y = e.
The phase field equations are

W58t¢a = PM |:€(v *Qp, (¢7 v¢) — U, (¢7 V¢)) - %w,tﬁa (¢) + 'U/Of,tba (T(u7 ¢)7 c(u, ¢)7 ¢) s

We assume that the matrix L = (Lij)fyjzo is strictly positive definite for all arguments
on the space

N
HY = {d = (d)Yy eRVF: S d, = 0} —Rx TV
=1

In addition we will frequently make use of the fact that a is 2-homogeneous in the variable
X. In particular we have (cf. [14])

ax(¢,nX): X = 2776&(@57 ), (292)
a4(¢,1X) : X = na (s, X), (29b)
a(¢,0) =0, (29¢)
a,x(¢,0) = 0. (29d)

4.1. Outer expansion. We expect, e.g. based on experiences from numerical simulations,
that several phases arise which are separated by diffuse interfaces whose thickness is of order
€. We will see that these phases correspond to the M minima of the potential w. In such
a phase, away from an interface to another phase, we consider an outer expansion in the
bulk region. For a function b in (¢, ) we make the ansatz

out t 1‘ Z SKbﬁt (30)

In this way we expand the variables u; and 00, 0 < 7 <N, 1 < a< M. For the
constraints ¢ € M and u € HY to be satisfied we assume
o XM, ¢k, eTESM, K >1,
uk, e HY, K > 0.
First we consider the equation for the phase field variables. We expand PMw 4(¢),

PM’LU#?(QS) = PMw,¢( out) +€(PM 7¢),¢( out) out + O( )
To leading order O(e™") the equation (12) becomes

0= PM ( gut) = ’£U¢ out (Z w7¢04 out ) ' (31)

As we are searching for stable solutions for this equation, ¢?,, is one of the base vectors
{es}1<p<m. We can conclude that to leading order the whole domain (2 is partitioned into
phases which are characterized by the M possible values of ¢°

out"
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The O(1)-equations for the conserved variables are (0 < i < N)

atci( Uputs ¢out V. Z LZ] out’ ¢out) ] out* (32)

7=0

Boundary conditions for these equations will be obtained by matching with the inner
expansion. One should remark that we have expanded the coefficients L;; in (u,,, ¢2.;)
in the same way as PMw_, in ¢,. In phase a, i.e. at points where ¢%, = e,, we write
L$(u) = Lij(u, eq). Then the O(1)-equations become

81‘,62( out? V Z L out ] out*

Since ¢g = €, up = —= and u; = % we obtain the equations (15) and (16). We remark

that an upper index in (15) and (16) refers to the phase whereas an upper index in this
section refers to the order in the expansion.

4.2. Inner expansion. Now we consider an interfacial region where two phases meet.
Without loss of generality we assume that ¢ , = e; in one of the outer regions, denoted
by €, and ¢2,, = e, in the other one, denoted by 5. We assume that these two regions
are separated by a family {T';}; of evolving smooth curves. Let ¢ be a smooth function
such that s — (¢, s) is an arc-length parametrization of I';. The unit tangential vector
7(t,x) on Iy in 2 = (¢, s) is given by 7(¢t,x) = 0s1(t, s), the unit normal v(¢,z) on T
in z = ¢(t,s) is such that (v,7) is positively oriented. We choose the orientation in the
parametrization v such that v points into ;.

Since the parametrization is smooth, it is possible to introduce new space coordinates
(2(t,z),s(t,x)) in a strip S around I'; in the following way. We define r(¢,z) = d(z, ;) to
be the signed distance between a point x and I';, i.e. r is positive in €2; and negative in
Q. Then the variable z is defined by z(t,z) = Lr(¢,x). Let P, be the projection of S onto
[';. Then by the smoothness of I'; one can use the strip S narrow enough such that there
is exactly one s(t,z) for every x € S such that P,(z) = v4(s). It holds

Vez(t,x) = %l/(t, P,(x)),
Vas(t,x) = 7(t, P(x)) + O(e).

In the new variables (¢, z, s) we make for some real function b in (¢, z) the ansatz

bin(t, x) ZstK (t,2(t,x), s(t, x)). (33)

Introducing the notation v(P;(z)) = v(t, s(t,z)) and similarly for 7(P,(z)) = 7(¢, s(t, x))
we obtain

Vbl (t, 2(t, x), s(t, ) = é[@zbm(t, 2, )| (t, s) + [0sbin(t, 2, s)|7(t, s) + O(e),
and for some vector field b we have

Vo - bt 2(t,7), s(t, 7)) = L(D.b(t, 2, 8)) - v(t, 5) + (Bsb(t, 2, 8)) - T(t, 8) + O(e).
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Moreover it holds
Oz(t, ) = Oy 1d(z,Ty) = —Lv(Py(z)),
Oys(t, ) = —v (Py(z)) + O(e)

where v is the normal velocity and v, the tangential velocity. We remark that v, depends
on the parametrization whereas v is an intrinsic quantity. This leads to

d
Ebfz(t z2(t, ), s(t, x)) = Dbl (t, 2, 5) — L0d.bf (L, 2, 5) — v,05b}y (¢, 2, 8) + O(e).
Now we expand ¢ and w in the variables (¢, z, s) and we assume

0 M K M
m €2, ¢, €TX™, K>1,
ulk e HY, K >1,
to ensure that the constraints on ¢ and u are satisfied. Taking a Taylor expansion of L;;

around (u?  #9 ) and writing L0 ™ = Lij(ul,, ¢%) we obtain from the conservation laws for
mass and energy to lowest order ie. O( 2):

d al 0,in .
0:£<ZL 8u]m>, 0<i<N (34)

§=0
where we used that 0,v = 0. Integrating yields

Loul =k (35)
for some vector k € RN*!. Later the matching with the outer solution will give k = 0.

We have
O,v=0, 0,7=0, 0,7 =kv, OsV=—KT,

where k is the curvature of [';. Concerning the sign of the curvature we remark that for
a circle of radius r whose normal is outward oriented (with our orientation the tangent is

then running counterclockwise) the curvature is —1/r.
Hence the O(c™!)-equations of the conserved quantities are

—08,¢;(ud %) =— K (Z L3, m) (Z LY, m)

d . in ,in
+@<Z<<Lw>?& g+ (Lig) g -d»%n)azu?,m)- (36)

J=0

These equations will further simplify when an expression for u), has been derived.

Now we consider the equations for the phase field variables. As done in [14] we expand
the a-terms in (¢?,, 0,49 ® v), the w-term in ¢ and the f-term in (u) , ¢ ). To leading
order O(e™!) we then obtain the equation

d
0= — (PYax(¢3,, 0:05 @ v)) v = PMay(dh, 005, @ v) = PMw y(6},). (37a)
Multiplying this equation with 9,¢2 € TSM gives
d
0= L (ax(6h, 0.0 © 1) : (0.0 @v) — a6l Dty @) ~wl6l) . (370)
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The equation of order O(1) is

d d
_wvaz ?n :E [(PMCL,X>7¢ ' ¢zln + (PMa,X>,X : (as¢?n T+ az 11n 0 1/)] v+ %(PMCL,X)T

— (PMag) - ¢, — (PMag) x : (0:05, @ T+ 0.9, @ v)
- (PMUJ@),(P ’ ¢zln + PMug,inf,¢(T(ugn7 ?n)’ C(ugna ?n)’ ?n) (38)

where w and all its derivatives are evaluated in ¢9, and a and its derivatives in (¢),, 9,0% ®
V).

4.3. Matching and resulting jump conditions. For some quantity b(¢, x) we gave by
(30) and (33) expansions in bulk regions respectively in a strip around an interface between
such regions. Now we want to match these expansions in an overlap domain. We will need
the matching conditions of order zero and one. For the outer expansions in 2; and 25 we
will use the subscripts by, and byyo.

We observe that near I'; we can express the functions b% (¢, ) in the variables (¢, z, s).

By expanding in power series in (0, s(¢,2)) which corresponds to the boundary point
Ui(s(t,x)) € Ty (remember that z(t,z) = 1r(t,z) and 9, = v - V,) we obtain:

bﬁt(ta ‘T) = b({;t(t, T(ta x)a S(ta x))
=5 (t,0,s(t,z)) + ro.(bE,)(t,0,5(t,z)) + O(r?)

= 0% (t,0,5(t,7)) +e2(VbE (t,0,5(t,x)) - v(t,0, s(t, x))) + O(e?)

where 0%, (2,0, s) and V,bE,(¢,0, s) mean the evaluation in (¢, P,(z)). We get

out
bout(t,2) = b2, (t,0,5) + ¢ (z(begut(t, 0,5) - v(t,s)) + b, (t,0, s)) +0(e%).

Now we consider an intermediate variable z. = n(¢)z for some z > 0 where 7(¢) is some
function in € in the overlap domain of validity of the two expansions (which we suppose to
exist), i.e. 7 = o(1) and € = o(n). Because of z = r/e we have z. — +o00 as ¢ — 0.

We substitute the variable z in our expansions by this intermediate variable z. and
consider their difference; the expansions of v match if, in the limit as ¢ — 0, the terms of
every order X vanish. For the O(1)-terms this means

0 = lim ()
e\0

outl

(t,0,8) — by, (t, 2., 8)) = lim (b3, (¢, 0,8) — by, (¢, 2,5)),

Ze—>00

0= ll}‘% (bgth(t’ 0, S) - b?n(ta Res 8)) = lim (bgutz(t7 0, 8) - b?n(ta Res 8)) ’

Ze—>—00

while for the O(e')-terms the matching condition is

0= lim (2eV by (8,0, 8) - v(t, 8) + boyyy (8,0, 8) — bl (t, 2., 8))

Ze—>00

0= Tim (2.Vabl(t,0,5) - (t, s) + blu(t,0,8) — b (£, 2, ) .

Ze—»—00

First we apply the matching conditions on the functions U?,mv 0 < j < N, solving the
differential equations (35). The assumption on L yields

o,uy, = L7k
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By the matching conditions of order zero u? must be bounded if |z] — oc. Then the
assumption on L gives necessarily k = 0 so that u?, is constant.

Since u), is constant, we obtain that u? ,,(¢,0,s) = u? ,,(¢,0,s) and hence u and there-
fore the temperature and the chemical potential differences are in the sharp interface limit
continuous across an interface.

Now, due to d,uj;,, = 0 the O(e™')-equations (36) for the conserved variables simplify

to
N
0 § : 1
_Uazci( zn’ - LZ] 1n7 uj,in .

Jj=

Integrating with respect to z from —oo to oo (or, more correctly, integrating from —R to
R and then considering the limit as R — oo) and using that v(¢, s) is independent of z we

obtain
z oo

/‘ 2 :
v [Ci(u?n’ ¢1 ) j\oooo = [ LZ] m7¢ ]zn
2\(—00

As has been shown in [6, 4] the matching conditions of order one for the b, yield

a.bt. =V, b0

i in outl " for Z — 00

and

0.0 i = Vbl guo v for 2z — —00

7,in
where the right hand sides are evaluated in (¢, z) = (¢, 1(s)) or, in the other coordinates,
n (t,r,s) = (t,0,s(t,x)). In fact, these are the boundary values of ung,outﬁ v, B € {1,2},
on I';. After matching for the phase field variables ¢ we obtain

U[CZ]2 =v (CZ( Uout1s ¢out1) Ci (ugut27 ¢2ut2)) (t7 1‘)

z,/'00
= [ 2(“m>¢ ):|Z\ 00
— ( Z LO outl ] ot L?jothqu;) oth) (t, ZL’) . l/(t, ZL’)

= (Ji(uouﬂ’ ¢out1) - ']Z (ugut27 ¢2ut2)) (t7 ZL’) : V(t7 ZL’)
= [Jily-v
We will refer to this fact to be the jump condition for the inner energy density e = ¢y and

the concentrations ¢;, 1 <7 < N.

4.4. Matching and the Gibbs-Thomson relation. In the bulk regions we have ¢ouw =
es, B € {1,2}. Hence for each s, we have to solve equation (37a) of second order in z with
respect to the boundary conditions e; for 2 — oo and e, for z — —o0.
By integrating (37b) and using (29¢), (29d) and w(e;) = w(ey) = 0 we obtain
0= a,X( in’ Z¢2n ® V) : (82¢2n & V) - a( in’ Z¢2n & V) ( 2n)
Using (29a) we deduce
a( in’ Z¢?n ® V) = ’LU( ) (39)
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which is known as equipartition of energy. We set

C’gg([—l, 1, ") = {p:[-1,1] = =M | p Lipschitz cont., p(—1) = e, and p(1) = eg}

(40a)
and define the surface entropy for some e € R" to be

Yap (e 1nf{2/ Vwp)Valp,p ®@e)(y)dy | p € 35} (40b)

As shown in [30, 14], if a minimizer exists for e = v(¢, s) then a reparametrization of the
minimizer fulfills (37a) and in addition

o (V) = / " (a6, 0.6, © 1) + w(el)) d-. (41)

—0o0

Now we want to deduce the Gibbs-Thomson law. We multiply the equation (37a) for ¢9,
by 0,¢.. € TYM and the equation (38) for ¢} by 0,¢) € TSM. Observe that we can drop
the projections P*. Then we sum up the two equations and integrate from —oo to oo with
respect to z. Some straightforward calculations together with the matching conditions for
the boundary values yield the following solvability condition for equation (38):

o [0t = ([ a6 0.8 0) 0 0(5) - .08, 9z ) ()

b [ R T el 8).0) - 0.0 (42)

Using that ug ;, and af, = (uf;,, ..., ul ;) are independent of z the last term on the r.h.s.
of (42) yields

/ UO znf¢( mn> 2n7¢ )az¢?ndz

* /d
= / <E (ug,mf( in’ zn?qs )) uO znf ( i(;wcgn’ ¢1(,)n) ) azC?n> dz
- / (% (ug,mf(ngw C?m Qs?n)) + a?" ‘ 8zc?n> e

/
= [ug,mf( no zn7¢zn) + Um Cn] j\iooo

= [ul (F(T°, ", 6°) = Fo(T°,,6%) - ) ],

Here we use the abbreviation T = T'(u,, %), & = c(ud,¢?), T° = T(u’ ¢°) and
& = c(u®, ¢°). Finally as [°] € TSY we obtain

00 011,001
/_ Uoqub( in> m7¢ ) z¢0 dz = — <[f l 7{2 l ]2> (t,l').

oo

Calculating the total derivative of 79 which becomes with (41)

D’)/Q,l (V) = / G’X . 82¢,?nd2'

o0

and setting

m(v) = w/_oo( 0,99 )2dz
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the solvability condition reduces to (writing V- g = (Jsg) - 7 for the surface divergence of
some vector field g on T'y)

£l = p” - [%);

TO '
Considering v and v as function in an angle 6 € [0, 27), i.e. setting v(6) = (cos(0), sin(A))
and 5(6) = v(v(6)) one can derive (see [14])

Vi Dy (V) = —(92,1(0) + 55 (0)) s

m(v)v = =V - Dy (V) +

with the curvature kK = —V, - v which may be inserted into the solvability condition to
yield
A A 011 _ 0. [(01
M) = (s (6) + 4O + LSCR

Finally, the force balance at triple junctions (24) can be derived as in [14]. Therefore, all
equations defining the sharp interface model have been derived by asymptotic expansions.

5. APPENDIX

In this Appendix we want to show that for the model described in Section 2 the entropy
doesn’t decrease in time. We consider a situation where a bounded domain 2 is partitioned
into M phases € (t), ..., (t) which are separated by smooth boundaries T'y5(t) = Q, N
ﬁﬁ N . For simplicity we restrict ourselves to two space dimensions, but the calculations
can also be done in higher dimensions.

Given some domain R(t) C  with smooth boundary OR(t) and a smooth evolving curve
['(t) C © with normal velocity v we will make use of the following transport identities:

7 ([ooe) ] == [ s 32
vydH ‘ = — yrvdH + p-7 and
dt t I'(t) Z

endpoints
d 1
uda: ‘ = atudx+ wodH (z)
dt OR(L)
for some smooth function u = wu(t, :v) and some constant v; £ is the curvature of the

interface I' and v is the unit normal. By p we denote the velocity of the endpoints of I'
and 7 is the exterior tangent vector to I'(¢) at the endpoints.
Let the evolution in each phase be given by

Ol ==V -Ji, 0c!=-V-JI, 1<i<N, 1<q<M.

with the fluxes given in (15) and (16). We assume that the functions are smooth in
their domain €2, and that the fluxes vanish at the external boundary of €2. Observe that
—0,c=V-J eTEN. Then

%(/ﬂsecdq,) Z/ @Secdm—Z/ S vdH!

a<f

_Z/ s, 8te+28010tcz da:—Z/ vd’;'-[1

a<f
:_Z/ ( V- J0+Z g J)dx—Z/ (s vdH!

a<f
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1 — [
:;/a(t)vT.JOJFZV Jlf Jide
+Z/ ( J0+Z MZ ] —[s]ﬁv) dH'.
Tap(t)

a<f

The fact that L is positive semi-definite leads to
1 — [
. . >
V- Jot E Ve Ji 20

Besides we make use of the continuity conditions (17), (18) and the jump conditions (19),
(20) to obtain

%(/secdw) Z/F —[e]ﬁv+z —Hi [ci]Pv — [Tslo ] >d7—l1
S [f]ﬁ—%m[cilavm

a<f

Furthermore we have

d 1
@ (‘ [, )

so that we get

= / f}’aﬁ’ﬂ]d%l - Z p- TaBVap
¢ Faﬁ(t)

endpoints

5] - % (/Qs(e,c)d:v— Z/F %ﬂd’Hl) L

SN ([ =Sl ) e

a

<p
= / WwidH! > 0.

a<f

d

dt

In the last equality we used the Gibbs-Thomson relation (21), the fact that the mobility
coefficient m is supposed to be positive, the force balance at triple junctions (24) and the
fact that in a closed system the interfaces intersect the exterior boundary by a 90° angle
condition (compare [4] and the references therein).
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