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A generalized Lagrange multiplier problem with nonconstant gradient cons-
traint

In this talk we prove the existence of (u, λ) ∈ W 1,∞(Ω) × L∞(Ω)′, solution
of the Lagrange multiplier problem

−∇ ·
(
λ∇u) = f in D′(Ω),

u = 0 on ∂Ω,

|∇u| ≤ ϕ a.e. in Ω,

λ ≥ 1,

(λ− 1)(|∇u| − ϕ) = 0 in D′(Ω),

for f ∈ L2(Ω) and ϕ ∈ W 2,∞(Ω) positive.
It is well known that if (u, λ) solves this problem then u solves the variational
inequality ∫

Ω

∇u · ∇(v − u) ≥
∫

Ω

f(v − u), ∀v ∈ K∇
ϕ ,

where K∇
ϕ = {v ∈ H1

0 (Ω) : |∇v| ≤ ϕ a.e. in Ω}.
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