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1 Formulation of the problem

Domains
Qq4: variable domain filled with a liquid,
Q91 vacuum region surrounding €24,
Q3: fixed domain where the electric current j(x,t) is given;
Q=0 UQ3 U Qy,
Iy = 0Qq;: free surface, S3: the boundary of Qg,
S: the boundary of 2-a perfect conductor.
Equations of magnetohydrodynamics.
Navier-Stokes equations:

V-v(x,t) =0, x€Qy, t>0, '
Maxwell equations:

uH;=—-rotE, V-H =0, x¢&Qq;UQyUNgs,

rotH = o(E + p(v x H)), x € Qq, (1.2)

rooH=0, V-H=0, V-E=0, z¢& Qo,
rotH = aFE + j(z,t), x € Qs.

v, p: velocity and pressure, f: mass forces,
H(z,t), E(x,t): magnetic and electric fields,
1 piecewise constant positive function equal to u; in §;
«: piecewise constant function positive in 4, 23 and a = 0 in Qy,
T(v,p) = —pl + vS(v): the viscous stress tensor,
S(v) = Vv + (Vv)T: the doubled rate-of-strain tensor,
Tv(H) = n(H ® H — 5|H|?I): the magnetic stress tensor.



Boundary and jump conditions:

(H - n=0, E,=0, z€,
[wH -n] =0, [H; =0, [E;]=0, z€Sj,
(T(v,p) + [Tu(H)))n=0, V,=wv"n, (1.3)
[WH -n] =0, [H,]=0,
w[uH, + g x E] =0, zely,

H,=H —n(n-H), E.: =E—n(n- E): tangential components of H and E,
[F]: jump of the vector field F'(z) on I'; and Ss,
V,,: the velocity of evolution of I'; in the direction of the exterior normal n,
n = (ng,ny): normal to the surface € I'y, ¢ € (0,T) in R%.
Initial and orthogonality conditions

v(z,0) =vo(x), =z € Qy,

14
H(ZL’,O)ZHO(Z‘), T € O Uy U3, ( )
E -ndS=0. (1.5)
Sk
Si: connected components of the boundary of Qo, 2; = Q40,1 =1,2,3
Compatibility conditions
V-vo(z) =0, x€y,

V-Ho(az):O, z € QU UQg,

rotH(x) :E, x € )y, (1.6)

[(S(’Uo)’n)T] 0, [HOT] = 0, [,U,H() . N] = O, T e Fo,
[HQT]:O, [uHo-n]:0, x € Ss,
Hy(r) - n=0, z€b.

2 Transformation of the problem and formulation of main re-
sult.

Lagrangian coordinates £ € 1

t
r=E+ /0 (e, r)dr = X(6,1), u(E,t) = v(X( 1), 1),
XZQl —>Qlt7 F0—>Ft.

u*(x,t) : the extension of uw from 5 in Q such that u*(£,t) = 0 in Q3 and near S3U S.

t
r=E£ —|—/0 u* (&, m)dr = X (&, 1),

X:Qi—>Qit, 1=1,2, Qg—>Qg,

Llu) = (8m

_— pr— A: 71'
ag>’ L(u) = detl, L =LLY



L =1 for £ € Oy, [T = A(u): co-factors matrix, ”T” means transposition.

Let
P=L"L/L,

Q(§>t) :p(X7 t)a
h(¢,t) = LH(X,t), e(&t)=LE(X,t),
ie, H(X,t)=%h, E(X,t) =%

e.
The mapping X converts (1.1)-(1.5) in

wy — vViu+ Vg — Vo - Tu(Lh) = £(X, 1),
Vu-u=0, £€Q, t>0,

L L

pw(hy — Ethh ~ L (u- Vi) 7h) = —rotP( t)e,
geQia i:172737

ProtPh = a(Pe+ u(L™'u x b)), V-h =0, £ € Q,
rotPh =0, V-h=0, V-e=0, £€o,
roth =ae +3j(,t), V-h=0, ¢&¢€Qs,

h-n=0, e =0, £€5,

[:Uh’n]:Ov [h’T]:O: [87]:0 ‘56837
ATA’I’LQ
’A?’Lo‘2
[ng x Pe| = (u - Ang)[p]h-,
(Tu(u, q) + [Ta(Lh)])Ang =0, & € T,

u(§70) = ’U()(é.), E € Qla
h(§,0) = Ho(§), €, i=1,2,3,

| ety nis=o
Sk

[uh - no] =0, [hr] = ( — o)) [k - no),

(2.2)

(2.4)

(2.5)

where V,, = L7V is the transformed gradient w.r.to  and V is the gradient w.r.to &,

n(X) = Ang(§)/|Ano(§)|, no: the exterior normal to I'y.
T, = —q + vSyu(u): the transformed stress tensor;
Su(w) = Vyw + (V,w)T: the transformed rate-of-strain tensor.

We find the solution of (2.1)-(2.5) in anisotropic Sobolev-Slobodetskii spaces W;’T/Q, r > 0.
Theorem 1. Let Ty € Wo™/2 wy e WitH(Qy), Hy € W) N WHQy), NWL(Qs) with

3/2 <1< 2, and let the compatibility conditions (1.6) be satisfied. Assume also that

.V f € W' P(R® % (0,Tv)),
g € Wy V00, Ty; Wi (Q3)) N La (0, To; WA(Q3),
3(@,t) -n(z)|zes; = 0.



Then the problem (2.1)-(2.5) has a unique solution defined in a certain (small) time interval
(0,7), T < Ty with the following regularity properties:

we Wy Q) Ve e Wy (Q)),

ge W2l+1/2’l/2+1/4(GT),

he W, Q).

e € La(0, T: W3(20)) n Wy~ "2(0, T W3 (1)),

where i =1,2,3,, Q@ =Q x (0,T), Gp =Tg x (0,T). The solution satisfies the inequality

HuHW;rQ’l/Q*l(Q%) + ||VQ||W21,Z/2(Q%)
+ HQ||W2Z+1/2,1/2+1/4(GT)
3
+ ; (HhHWQlﬂ,l/QH/z(Q%) + HGHLQ((),T;WQL(Q”)
*lelwg=vr ) (2.7)

< e(IF gy + Iollsss o)
3

+ > N Hollwony + 131l o005
i=1

s ”Wé“’”(o,T;W;(Qg)))'
Exclusion of e. Let the test function (&) satisfy the conditions

V&) =0, € i=1,23,

rot(§) =0, £ € Qo,

tp-mo) =0, [, =0, €Ty, (2.8)
wp-m] =0, [Pp]=0, €53

Yv-n=0 ¢E€8.

Using the relation

/ rotPe - Pdé = / Pe - rotpdé —I—/ [ng x Pe] - ¢pdS
Q Q To

we write (2.1)-(2.5) as a nonlinear problem for wu, g, h:



Ut—VVQU—i—vuq—vuTM([:h) :.f(Xat)a
u=0, &€, t>0,

/ [t = @(hw) - i i

71 )
+/o /QQ ™ ProtPh - oty (¢, t)dédt
T
_ /Ll/ (ﬁ_lu x h) - rotap(&, t)dEdt
931
/ ¥ (h,u) - pdSdt
Lo

/ /930‘ 36 1) - (& D)dedt, (2.9)

rotPh =0, &€ Qo,
V-h=0, £e€Q1UQUNs,
h-n=0, (€65,
[wh-n] =0, [h;]=0, £€53
T
i o] =0, o] = (S = o) ma)] = 0,
(Tu(,0) + [Tag(CR))) Amy =0, € €T,
u(£,0) =vo(§), &€,
h(£,0) = Ho(§), £€%Q;, i=12,3,

where

® =7 §h+£( Vu)%h, U = (u- Ang)[plh,.

Theorem 2. Under the assumptions of Theorem 1, the problem (2.9) has a unique
solution (u,q, h) satisfying the inequality

”UHW21+2,1/2+1(Q%F) + qu”WQZ’Z/Q(QlT)
+ HQHW21+1/2,1/2+1/4(GT)
3

+ Zl (||hHWQZ+1vl/2+1/2(Q%)
1=

(2.10)
_C(IIfH 72y + 0l

‘*’Z I Hollwe,) + 131 Ly0,75wi00))

+ HjHWQ(l—l)/Q(O,T;ng(Qa‘)))'



3 Linear problems

The proof of Theorem 2 is based on the analysis of some linear problems, namely,

v, —vVu+Vp=f(t), Vev=f &€y, t>0,
T(U7p)n = d(&.?t)7 § E FO?
'U(f,O) = ’U()(f), 5 S Qb

roth(§) =k(z), V-h(§) =0, &£ecQUQyUQs,
[wh-n]|=0, [h]=0, £€ToUSs, h'n‘geszo,

/ / phy (€, t)dédt

/ “Lroth - rotap (€, t)dEdt
(921 UQg

T
- / / g1(6,1) - rotap(y, t)dedt
Q1UQ3

/ /u92 y,t) - (&, t)dédt,

)=0, €€ UQUQ,
roth(f,t) =0, &€,

[wh-no) =0, [h]=0, {eTy,
[wh-n] =0, [h]=0, ¢e€Ss,
h-n=0, £€S5,

h(£,0) = ho(§), €€ 01U UQs,

where (&, t) is an arbitrary test vector field satisfying the conditions (2.8).
Theorem 3. Assume that T'y € W21+3/2, 3/2<1<2,

Fewy?(@h), wvoe Wit (),
f=V-F, f¢cLy0,T; Wi (Qy)),
Fy € WY(0,T; Lo(1)),
de W21+1/2,l/2+1/4(GT)’

and that the compatibility conditions

V- ,vo(g) = f(gv 0)7 (S(’Uo)’n)-,- =d;, §eTly

(3.3)

are satisfied. Then the problem (3.1) has a unique solution v € WQH 1+l/2(QT) Vp €

ll/2(QT) with p|§er0 c WQH—I/Q l/2+1/4(GT) and
[ollyggszarzesor, + 1Vplysem gu, + IBllygsmaresg,,

< C(”f”Lz(o,T;Wé“(ﬂl)) + “FtHWQZ/Q(o,T;LQ(Ql))

+ HdHW21+1/2,L/2+1/4(GT) + HUOHWQH'l(QO))'

(3.4)



Let H'(2) be the space of vector fields 1 € Wi(Q2), i = 1,2, 3, satisfying (2.8);

$((2): finite dimensional set of vector fields satisfying (2.8) and, in addition, roty(§) = 0,
£e€e QU NQg;

H (Q): the subset of H!(2) whose elements satisfy the orthogonality condition

[ b wlpie =0 vu e @),
Theorem 4. Let I'g,S,S3 € W21+3/2, l € (3/2,2). For arbitrary k € W3 (£;), r € [0,]]
1=1,2,3, such that
V-k=0, £€QUQUQ;,
k-m|=0, £€TyUSs;, k-n|ls=0

the problem (3.2) has a unique solution belonging to WQT'H(QZ'), i1 =1,2,3 and orthogonal to
U(Q). The solution satisfies the inequality

3 3
S bl < e 1Klws@o- (3.5)
i=1 i=1
Moreover, if
k= TOtK(g)a [KT”FOUSS =0, KT’S =0, (36)
then
1Rl La0) < cll K|y (0)- (3.7)

Corollary 1. If h € H'[7(Q), then

3
&1 3 Ml s < lrothlwsaung)
=1

3
<) Rl
i=1
r/2

Corollary 2. Ifk € Wi™/%(Qi), i = 1,2,3, then h € Ly(0,T : W31 (9:))nW3/2(0, T; W (%))

and
3

Z(l|h||L2(o,Tzwg+1(9,~)) Rl 7w @) (3.8)
=1 '

< cllllyygv

Moreover, if (3.6) holds, then

Q)"

Wllygrsnrz o rin @) < A ooz i)
Theorem 5. Letl € (3/2,2). For arbitrary hy, g,, g, satisfying the conditions
ho € W(), i=1,2,3,
V-ho(y) =0, ye€QUQUQs,
rotho(y) =0, y € Qo, (3.10)
[ho -] =0, [ho] =0, yeToUSs,
hg-n=0, yeSs,



g1 € L2(0,T; Wi(Q1 U Q3))
WD 0,7 W (94 U Q3)),
V-g,=0, g,-n=0, yelyhuss,
gy e Wy HUEVRQh), i=1,2,3,

[#92“’] =0, [927'] =0, yGFOUS3a
92'1’1,:0, ?JGS

(3.11)

the problem (3.3) has a unique solution
h € W21H’(1+l)/2(QiT), satisfying the inequality

3
Z ||hHW21+lv(1+l)/2(Q%)

3
Zl ”hOHWl(Q )t H92H 11 =072 )) (3.12)

+Z(H91HL20TW Q)
i=1,3

+ ||gl||W2(l_1)/2(O,T;W21(Q¢)))’
Moreover, there exist e € Lo(0,T; W(Q;)) N WQ(Z_I)/2(O,T; W), i = 1,2,3, such that

,U(ht - 92) = —TOtE(f,t), f € Ql U QZ U Q37
roth = a(e+g,). €€ Q1 UQ;3,

V-e(t)=0, &e€Qo, (3.13)
[e;] =0, £€€TlpyUSs, e, =0, (€85,
and )
i_zl(HeHLg(O,T;WQZ(Qi)) +llellya-vr2 rwa @)
3
2 Ihollwsiony + 190l yi-1.0-0720 ) (3.14)

+ Z 911l L, 00w 0 + H91HW<l /20 7wk (9 )))
1=1,2

We describe briefly the (formal) construction of e. We decompose h, hg, 1, g5 in the sums
h=Hh +h", he=hy+h,
Y=+, g,=gh+g,,

where h”,hg,'t,b",gg € () and h/,hz),'zpl,g’2 are orthogonal to (Q2). It is easily verified
that in the case hg = hy, g, = gg the problem (3.3) reduces to

/ / ) - dédt = 0,



ie.,
"

h —gs =0, h"|i—o= hy, (3.15)
and in the case ho = hy, gy = go we have h = h' [1]. Let € be the solution of the problem

rot€ = —pu(h; —gy), V-€=0, £€Q,

(3.16)
87‘ = 07 f €s.
It is easily seen that
T
/ / (=& + o troth’ — gy) - rota (y, t)dédt = 0,
0 Q1UQ3
which implies
—E+a lroth — g, = Vx1(&,1), €€ UQs, (3.17)
in view of Theorem 4. We set
€:5+VX1(§J), §€QIUQ37
b
(3.18)
e=E+Vxal&t)+ > Ci(thvr(§), €€y,
k=1
where yo is a solution of the problem
VQXQ(éﬂt) = 07 5 S QQ) (3 19)
X2(§7t) :Xl(éat% éEFOUS& X2(€7t) :07 feS '
and vy are the ”Dirichlet vector fields” in Qg, i.e., vy = V(& 1),
V2¢r(€,t) =0, &€ Qo,
or(&,t) £ € (3.20)

or(&,t) =05k, £€85, op(§t) =0, €8,

S; are all the connected components of 03, except S, j,k = 1,...,b, b is the second Betti
number of the domain 5.
The coefficients C}(t) may be found from the additional normalization conditions

/ e-ndS =0,
Sk

that gives

b
0= /S (€ +Vial6st) + 3 Ci(t)ur(€)) - nds. (3.21)

k=1

The estimate (3.14) follows from (3.21)and from the estimates of solutions of (3.15), (3.16),
(3.19), (3.20).



4 Nonlinear problem

We go back to Sec. 2 and write our main nonlinear problem in the form

u; — vViu+ Vg = f(&,t) + i (u,q),
V-u = l(u),
EeQy, t>0,

T(u,q)n =l3(u), €Ty,

/ /Nht ¥ (y,t)dydt

/ “Lroth - rota(y, t)dydt
Q4 UQg

T
- / / Ly(u, k) - rotyp(y, t)dydt
0 Qluﬁg

T
+/0 /g%(“’h) ~(y, t)dydt,

roth = lg(u,h), &£ € Qo,

[uh-n] =0, [h;]=17(u,h), €Ty,

[wh-n]=0, [h]=0, £€85, h-n=0, (€5,
u(§,0) =vo(§), £ €,

h(§,0) = Ho(§), €, i=1,2,3,

(4.1)

where

L=v(Vi, = V)u+ (V= V,)g+ V- Tu(Lh) — f(X, 1)+ F(£,1),

ly=(V—-V,) -h=V-(I—-AD)h,

I3 = o(IoS(u)no — ISy (u)n))

+ umo((no - S(w)no) — (n - Su(w)n) +noln - Ty (Lh)nl,

ly = a Y(roth — ProtPh) + (L™ 'u x h) — (n§ x ¥*), (4.2)

l5 = ®(u, h) + p rot(nf x ¥*),

le =rot(I —P)h,

(ATAno B
| Ang|?

where n§ and ¥* are extensions of ng, ¥ from I'g in Oy,

l; = no)[h' ’ no],

Hf =f—n(n-f), IIof=Ff—no(no-f).

10



We solve the problem (4.1) by successive approximations, according to the scheme

7

Uttt — UV Uit + Vame1 = FE ) + 11 (Um, gm),
Vw1 = la(um),
§ € N, t>0,

T(Wm+1, Gm+1)n = l3(um, hy,), & €T,

/ / s - 3y, ) dydt

/ “Lrothy, 1 - oty (y, t)dydt
(951 UQS

T
= / / Ly(upm, hy) - rotap(y, t)dydt
0 Q1UQ3

T

rothpy+1 = lg(wm, hy), € € Qa,

hmi1-n] =0, [hpt1r]) =l(um, hy), € €T,

thmi1-n] =0, [hpt1,]=0, £€853, hp1-n=0, €65,
umt1(§,0) = vo(§), & €,

hpm1(€,0) = Ho(§), §€%, i=1,23,

ug =0, go =0, pg = 0, hg = 0. Using Theorems 3-5 and estimates of the nonlinear terms
(they are omitted), we obtain

where 8 > 0,

Vg1 (T) < 1T Z Y (t) + coN(T), (4.4)
J=1

Yo (T) = HumHWZHQ’l/QH(QlT) + qum”Wé’l/Q(QlT)
+ HQWH l+1/2 l/2+1/4(G )

+ 2; [P lyyiva/2172 g
1=

N(T) = I llyyeerz gy + 131 oo, rwiioa)

+ ”‘7” (l 1)/2(0TW1(Q + HUOHW2l+1(Q1)

+Z 1hollwi o
=1

It follows from (4.4) that in the case of small T'

Yos1(T) < 25N (T). (4.5)

11



The proof of the convergence of the sequence (U, Gm, Pm, hm) is based on the estimate
of the differences (Um+1 — Um), Gm+1 — s Pmt+1 — Pmy Bm+1 — pm), as in [2]. This yields the
proof of Theorem 2. The reconstruction of e can be made in the same manner as in the linear
case above, which completes the proof of Theorem 1.
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