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different isotopes of the same chemical element A should not be
considered as distinct chemical species and should contribute
jointly to the chemical potential of A.

The total flux .J; of a particular isotope A; of an element A has two components:

- one representing the effects of interaction of A; with the solvent molecules B (classical Fick’s law):

A — Binteraction — flux = —Dchi,

- the other representing the interaction with the kin isotopes, depending on the total concentrations of the

A-molecules:

Ci
A — Ainteraction — flux = —D;—Ve,
c

where ¢; is the concentration of A;, ¢ is the total concentration of A, D; is the diffusivity of A in the
solvent B, D, is a measure of the mobility of the A; molecules due to the A — A interactions within the

solvent B.
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diffusion of n species of isotopes of the same element

the flux of the 2 component J; is given by

~ Cs
J;=— D;Vg Di—ZV , =1,...,n, = i
( C; + - c) ) n C Zc

In the case of radioactive isotopes, we have to take into account the radioactive decay law, which for

spacially homogeneous distributions is a linear ODE system

©C _rc, cemrr
dt

with A a suitable n X n constant matrix.
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general case of positive diffusion coefficients with Dirichlet
boundary conditions

de; . n .
( ai = _d1V=]i + Zj:l Aijcja IHQ X (O,T),
¢l = i in 90 x (0,7T),
L ci(2,0) = cio(2) in Q,

Ji = —(D@Vci + DZEVC), 1= 1, . n
C

() bounded domain of R™ with regular boundary 0.

existence and uniqueness of classical solutions are proved in the physically relevant assumption that

K>c¢ >0, 1=1,....n, c>k >0,

k., K constant.
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The system can be written as a quasilinear parabolic system in separated divergence form

oC 0

n 0C .
E = Zj,k:l 8—;[;] <Ajk(C) axk> + AC in () X (O,T)
é = (Cl, ...,Cn_l,C>, .Ajk<C) = A(C)(Sjk, j, k = 1, s N
(D 0 0 D& \
0 D 0 D,
0 0 Dn—l Dn—lcnc_l
\ DD, Do-D. ... Dy

— Dy Dp+ Do+ Y15 (Di— D)% )
Space operator NOT STRONGLY ELLIPTIC but satisfies a normal ellipticity condition (see [1], [2])

n — 1 eigenvalues ~ f)Z 1 eigenvalue ~ D, + D;.
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152- << D; — appearance of a “hyperbolic” behaviour for the c;

setting l~7i =0and Dy =maxD;, D, =minD;, j=1,...,n, c¢,=c— Z?:_llcj

Ci n— ..
Cit = (Di—cm) + ijfﬁijcj + B;,.¢, 1, 7 =1,..n—1
c X
¢ = (alc,c1y.Cn1)Ce)e + Z;-:llﬁnjcj + 6,.,.¢,
n—1 Ci
(3;; constants depending on A;.

0<¢g<ec, — ¢ satisfies a uniformly parabolic quasilinear equation in divergence form (0 <
D, <a < Dy, Ye;,c>0).

c(:c, t) has a “parabolic” behaviour while, once c is given, the equations for the single species c¢; are first

order linear equations, so that we expect for ¢; a “hyperbolic” behaviour.

c; will have finite speed of propagation and will in general be non smooth for ¢ > 0 (in qualitative

accordance with experimental results).
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If A;; = Owith D; = 1 V4, after scaling on ¢, the system reduces to

&) .
Cit = ;cx : 1=1,..n—1
xr

Ct = Cpgp-

diffusion of the total concentration ¢ governed by the classical heat equation,
system for the ¢; uncoupled; each equation is a linear first order equation for c;.
similar situation also for A;; # 0 in the following examples:

Example 1. All the species decay with almost the same coefficient A (i.e. Aij = —)\5ij) —> same
system, with ¢;, ¢ replaced by c;e, ce.

Example 2. A triplet c1, co, c3 with decay law respectively —A\i1ci, A1c1 — AaCa, AoCo.

.
(&4 \
Cit = ?Ca: — A\Cq,
X

Co

\ Cot = <_Ca:) + A1 — Aaco,

C

Ct — Cajx.
\
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C.
the ratio r;, = — has an evolution law simpler than the one of ¢;
c

in the case of isotopes r; related to the "activity ratio”.

problem without decay:

rit:rm?, 1=1,..n—1,

— 1; are constant on the characteristics.

problem with decay (D; = 1, a = 1)

Cy .
Tit:Tim?‘f—PZ‘(Tl,..T”_l), 1 = 1,...n—1,

P; polinomial of 2 degree.

— 71; evolve on each characteristic independently of c.
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Example 3: couple (U8, U*3)

decay law respectively

él = —)\161, ég = )\101 — )\202, )\1 << )\2.

then

Ct = Cpp + Aoc(r; — 1), inQ x (0,7),
Cy Ao — A

Ty = riz— + Aori(re —11), TE:#-

C )\2

along the characteristics:

r(0) =0 — 7i(t)

0, t>0
rer1(0) exp(Ay — A1)t
re — r1(0) +7r1(0) exp(Ay — )t

0<r(0)<1 — r)=

ri(t) > rg as t— oo,

in accordance with the physical fact that for the couple (U?*®, U?3%) has a “secular equilibrium” positive

and attractive (i.e. normally the two isotopes are found in a precise positive ratio).
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characteristics

- define the characteristic for any (o, tg), to > 0 fixed, xg € €2,

- think 7; givenon © = 1 ({ = 1y is not a characteristic itself)

- extend it in a neighborhood of ¢ = 7

X (t; xo, to) denotes the characteristic starting in ¢, £y, whose equation is
dX(t;l’o,t0> Cyp

dt = —? , (CU(),t()) c ) x (O,T),

=X (t;l‘o,to)
X(t07 Lo, tO) = X,
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main fact:

the masses between two characteristics behave as the solution of the ODE.
Xa(t) B
ml’g(t) :/ C(f,t) df, C = (Cl,...,Cn_l,C)
X1(t)

is solution of ODE:

Y =AY,

X2(0) ¢y
x1(0) Col€) dE.
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() = (—L, L) bounded then there will be:

. aset Q(tg) = (—L, 1) such that the characteristics starting from (g, to), xo € 1, to > 0, will

reach the lateral boundary x = — L,
.aset y(tg) = (I1, l2) such that they go to the initial set 2 x {t = 0},
.aset3(tg) = (l2, L) such that they goto = = L.

Assume that two characteristics, denoted by X7 (1), Xo(t) with X (tg) < X2(to) starting from tg > 0
reach ¢ = 0, then:

X1(0) < X5(0),  colx) 20, a € (X1(0), X2(0))

In other words if co(x) = 0, x € I, I interval of €, then there cannot be two distinct characteristics
ending in . This fact is due to the “infinite speed of propagation” of the total concentration i.e. to the fact
that c(x,t) > 0, Vt > 0, x € (.
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’holes” of the initial data for c

® | et us assume that
co(x) =0, z€ly=(a,b) CQ,
co(x) >0, v€l=(a—08,b+6)—1Iy &>0 suchthat I CQ,
Then there exists a curve © = s(t) separating two regions

C_ = {characteristics from (a — 9, a)},

C'; = {characteristics from (b,b+ 9)}.
e Letus assumethat Q) = (—L, L),
co(x) >0, z€[-L,al, ¢o(xr)=0, z€(a,l]

a € ), then(t) — (—L,a) as t—0.

e Assume ) = (—L, L) and ¢y = 0in §2, then )5 is at most one curve, moreover:

- if the boundary data are such that both {2; and {13 are not empty, that is the case e.g. of incoming

flux at both boundaries, then €25 is precisely a line;

- if either {21 or {23 is empty (e.g. incoming flux from only one boundary) then €25 is empty.
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EXAMPLE, stable isotopes

(
cr, r<a,

coz)=4 0, a<z<b 0<cy<cp,

| ¢r, b<ux,

either Cauchy Problem or Homogeneous Neumann Problem with — L. < a < b < L

For Cauchy Problem = — at < 5(t) < Z, a =

similar estimates for Homogeneous Neumann Problem.

Exact solutions confirm that if instead ¢, = 0 < cp then all the characteristics starts in {x > b}.
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Other results on initial behaviour of the characteristics for = 0, which confirm the a priori results

co(0)
th — X (t;0) ~ ——22¢
® () SMoo (¢;0) 0(0)
e jumpin ¢} e.g.
v, <0
co(x) = co(0) +
Y. x>0
1. co(0) > 0 —s X(£0) ~ — 120y
2CO<0)

2. ¢p(0) =0,7_ < 0— X(t;0) = —2a+/, a depending explicitely on v, ,v_,
3. ¢o(0) = 0,v_ = 0 —> all characteristics start from x > 0.
® jump in ¢y e.g.
cr, * <0

co(x) =
cr x>0, cr, < Cp

1. ¢, >0— X(£;0) ~ —2av/t, o depending explicitely on ¢y, g,

2. ¢;, = 0 — all characteristics start from x > 0.
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”’holes” of the initial data for c; (stable isotopes)

C.

-7; = — constant along the characteristics ~— ¢;(x, t) inside the domain can be recovered from
C

the initial and boundary data,

- the oscillations of initial and boundary data persist in the interior of the domain (consistent with the

experimental results).
- possible existence of interior regions depleted of ¢;
the “holes” of ¢; remain in time only if they do not coincide with the “holes” of ¢.

it ¢;(2,0) = 0in I = (a,b) C Qand co(x) Z 0in I, then, for any time ¢ there exists an interval T
where ¢;(z,t) = Oforz € 1.

-On the contrary, suppose that 2; = Q3 = () and that supp ¢;(x, 0) = supp ¢o(x), then ¢;(xz,t) > 0
a.e. forany t > 0.
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nésC5=4 = cl+c2

tine
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nésC5=-4 = cl

tine
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nZsC5=-4 = cl/{cl+c2)

tine
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case with decay (A # 0)

¢ depending on ¢;, but the characteristics for each c; are defined as before; the behaviour of the solution

does not change, provided the assumptions:
e (H1) 3! solution of the equation & = Au, u € R" for any initial datum .

e (H2)if u;p > 0, thenu;(t) > 0, i =1,...n. (positive property)

0<7rp<1 — OSTl(X(t),t)<1

therefore c(, t) satisfies the following equation

¢ = Cop + (B, + X0 B,.1i) = Cow + bz, t)e, (1)
with
b(z,t)] < B, Qx][0,T]. 2)
From the classical theory we get then explicit bounds for c.

As for the behaviour of the “holes” of ¢;, we have similar results as in the case without decay iff the

elements of A\ satisfy the following assumption

e (H3)if u;o = 0and ujo > 0, ujo(x) # 0 j # 4, thenu;(t) = O for any ¢.
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example: cauchy problem for the couple (U*%®, U%3)

suppose ¢ and ¢; initially separated, i.e.
CO('T) > 07 610(33) — CO(EC)H(ZC),

where H () is the Heaviside function,

then (c(x,t), s(t)) can be regarded as solution of the free boundary problem

(¢ = cpu + Xoc(F(t)H (x — s(t)) — 1),
(1) — =
Vs =
L s(0)=0, ¢(z,0) = co(z)
where
f(t) _ T eXp()\g — )\1)t —— )\2 — )\1 .

g — 1+ exp()\g — )\1>t7
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Once the couple (¢, s) is given

o
—_
—~
8

-
~—

|
=N
—~

-
~—

o
~—

x,t)H(x — s(t)),

co(x,t) = c(x,t) — cr(x, 1),

with ¢; discontinuous across x = s(t) and zero for x < s(t).

remark: if we drop the assumption of ¢y positive, e.g. we take co(z) = 0, z < 0 so that cjp(x) =

co(x), = € R then we will have instead

ci(x,t) =7rc(x,t), xR, t>0,
co(z,t) = (1 —7(t))e(z, t),

and c(z, t) is the known solution of

Ct = Cpe — Noc(1 —7()), in R x (0,t),

therefore ¢ can be calculated explicitely and ¢ will be strictly positive everywhere.
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regularity and weak solutions
- irregular initial data give irregular solutions, (i.e. no parabolic effect)
- also if the data are C'™° the solution can have discontinuities.

Example 4 Cauchy problem without decay

co € C° co(x) =0, x el =[-L, L], co(x) >0, x € R/I,

co symmetric w.rto x = 0 (hence x = 0 is a characteristic) and for a given ¢

y

’Y1iCO($)a r<—L
cio(r) =14 0, x el

. VQiCO(x)v v 2> L,

with y,, Z 75, constants in [0, 1].
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For t > 0 we have the explicit solution

Yc(z,t), x <0,
ci(x,t) =
WQiC(xat)a T > 07

so that ¢; has a jump V¢ > 0 in z = 0 increasing in time

V[C;r —¢; ] = (795 — 714)c(0,t) # 0.

a similar behaviour can be showed if ¢ is not symmetric and in the case with A # 0.

Page 31



0.8

0.6

0.4

0.2

ZCCS'4 =~ D 1.0D-4 1.0D-4 1.0D0 1.0D0 0.0D0 0.0D0 0 1.0D-4 0.5 +0.2 0.0 1 1.0D-4 0.50-0.2 0.0 1.0 1.0D-3 ~ t=0000

! ! !
: : : cl
C2 -------
C14C2 -oens
; ; ;
-1 -0.5 0 0.5 1

Page 32



ZCCS'4 =~ D 1.0D-4 1.0D-4 1.0D0 1.0D0 0.0D0 0.0D0 0 1.0D-4 0.5 +0.2 0.0 1 1.0D-4 0.50-0.2 0.0 1.0 1.0D-3 ~ t=00500

1 T T T
: : s c1
€2 oo
cl+c2 --------
08 .
e ———— - i H i S, .

Page 33



C1 +C2 """"
0.8 | 3

0.6

0.4

0.2

ZCCS'4 =~ D 1.0D-4 1.0D-4 1.0D0 1.0D0 0.0D0 0.0D0 0 1.0D-4 0.5 +0.2 0.0 1 1.0D-4 0.50-0.2 0.0 1.0 1.0D-3 ~ t=1 0000
1 1

oo e ——— i — - -
e— - - - -
1
1
1
1
e . e —
1
1
1
1
L
Y
1]
I
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, B e B e e e,
B (]
| 1l
| Al
. i
| il
. i
| !
. |
. v
| o
. )
| |
| .\
|

0.5

Page 34



hyperbolic model as limit of the parabolic one

if the total concentration is strictly positive, the solution constructed along the characteristics is the “vis-
cosity solution” obtained as the limit of the complete physical model, with [)i =D #0, D;=D =1
as D — 0.

The numerical simulations all confirm the convergence also if ¢ is allowed to become zero.
In the limit, boundary layers will appear (see again Ref. BLN).

For smooth data one can prove existence and uniqueness of classical solution.
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asymptotic behaviour, { — 00, Homogeneous Neumann Problem

~ ~

It depends strongly on the decay law é = Aé, C=(c1,..,Cn_1,C).
Natural assumptions:

o A has real nonpositive eigenvalues o, < ... < 01 < 0

e if 01 = 0 then it is semisimple.
Denote:

e h(01) = dimension of the generalized autospace F/(o 1)
1
(h(o1) — 1!
e F(z) = BCy(z) = (F\, ..., Fy_q, F).

o BY =

([\ — Ulfd)h(al)_lYO,l, YO,l € E(O’l), Y c R"

The total mass m(x,t) = [*, ¢(, t) d€ behaves as

L L
m(x,t) ~ th(al)_lealtiMw, My, = / F(¢&) d¢
o7 ,

iff M, > 0, uniformly in €.
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e characteristics:

X(t,xo)—>Xoo(xo):]\24—L VR dE— L ast — o

oo J—L

. C;
e ratioes rr;, = —:
C

F(x) >0 —

>
<
)
=

in general one cannot have an asymptotic distribution in the whole Q.
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EXAMPLES

. stable isotopes

L 1
L (X
F=cy>0, MOO:/ F(€) de, m:x;L M., rigco( ~ (7))
—L

“asymptotic localization property”

. chain of the type U3 U234

c1 = —)\161, Co = )\101 — )\262, 0< )\1 < )\2

A L L
F= (1 o _1)0107 MOO — / F(g) dgv m = e_Altx i Mc>07
/\2 —L 2L

A1
if cio > 0 — r ~rg =1 — —, secular equilibrium

A2
if c.g > 0 — no limit near the points identified by the graph XO_O1
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Still example 2 but

F0< o<y =

A
F =co+ 210> ¢ >0, Moo:f_LLF<§)d£7
A1 — Ao
L
_AQt%MOO, r = a — 0, only isotope 2 is present at t — 00
c

-0< A==\ =

m =e

T+ L

Mo
2L

FZAClO; Moo:f_LLF<£>d€ m >~ te

C
but Veig > 0 = T:—1—>O
C
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