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Aims of Control

Steering a time dependent
system into a ’desired’ state.
Stabilizing of instable states.
Stabilizing against
disturbance.

Figure: Morphing a bubble into two. Figure: Stabilizing an instable state.
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General control concept

x(t) state of some system governed by pdes, A linear operator,
b(x , t) nonlinearity, xd given desired state

ẋ(t) + Ax = b(x , t) + u

AIM: steer x → xd , t →∞ using control u = K (x , t), evaluation of
u should be fast.
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Instantaneous control

Time discretization tk+1 = tk + τ and calculate
(
uk+1, . . . , uk+L)

by minimizing

Jk =
∑

i=1,...,L

1
2
‖xk+i − xk+i

d ‖2 +
α

2
‖uk+i‖2

and set u = uk+1.
Approximation of uk+1 by one gradient step with suitable initial
control uk+1

0 and step size ρ > 0.
Here: L = 1, → drawback: No sufficient consideration of future
behaviour!
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Setting

Let Ω ⊂ R2 be a spatial domain filled with a fluid containing two
phases A and B with respective concentrations cA and cB .
Let

c =
cA − cB

cA + cB
.

denote the order parameter satisfying −1 ≤ c ≤ 1 and c = 1 in the
pure A phase and c = −1 in the pure B phase.

The flow y inside Ω might be
driven by boundary values or
volume forces and is influenced
by the dynamics at the interface
between A and B .
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The Cahn-Hilliard Navier-Stokes system

We consider for mean flow y = 1+c
2 yA + 1−c

2 yB
y : flowfield, p : pressure, c : concentration, w : chemical potential

(yt , v) +
1
Re

(∇y ,∇v) + (y∇y , v)

+(p, div v) + (c∇w , v) = 0 ∀v ∈ H1
0 (Ω)2, a.e. t

(div y , v) = 0 ∀v ∈ L2
(0)(Ω), a.e. t

(ct , v) +
1
Pe

(∇w ,∇v)− (yc ,∇v) = 0 ∀v ∈ H1(Ω), a.e. t

γ2(∇c ,∇(v − c))− (w , v − c) ≥ (c , v − c) ∀v ∈ K, a.e. t

K = {v ∈ H1(Ω) | |v | ≤ 1 a.e.}
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Numerical handling

Variational inequality treated by Moreau-Yosida regularization
λs(c) = s max(0, c − 1) + s min(0, c + 1).
Semi-implicit time discretization according to Eyre’s nonlinear
scheme.

σ(y − yold , v) + ν(∇y : ∇v) + ((yold · ∇)y , v)

+(c∇w , v)− (p, div v) = 0, (1)
(−div y , v) = 0, (2)

(c , v) +
τ

Pe
(∇w ,∇v)− τ(cyold ,∇v)− (cold , v) = 0, (3)

γ2(∇c ,∇v)− (w , v) + (λs(c), v)− (cold , v) = 0. (4)

σ = 1/τ , ν = 1/RE
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Remarks

Navier-Stokes and Cahn-Hilliard are
decoupled → sequential solving.
Solution by semi-smooth Newton
method for Cahn-Hilliard.
A-posteriori error estimation used
for adaptive spatial discretization
→ talk of Michael Hinze
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Instantaneous control of CHNS

AIM: steer c → cd using distributed control on the Navier-Stokes
equation.
Minimization problem on one time step to obtain control u:

min
u

J(c(u), u) =
1
2
‖c − cd‖2 +

α

2
‖u‖2 (P)

s.t.

σ(y , v) + ν(∇y : ∇v)

−(p, div v) = (σyold + u − cold∇wold − (yold · ∇)yold , v),

(div y , q) = 0,

(c , v) +
τ

Pe
(∇w ,∇v) = (cold , v) + (coldy ,∇v),

γ2(∇c ,∇v)− (w , v) = (cold − λs(cold ), v).
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The gradient on J

Abbreviations:
B the solution operator associated to the quasi-Stokes problem
C linear, fourth order solution operator for quasi Cahn-Hilliard
problem

Every minimizer fulfills, p1 adjoint state for c , p3 adjoint state for y :

y = B (σyold − (yold∇yold ))− cold∇wold + u) ,

c = C
(
cold − τy∇cold +

τ

Pe
∆(λs(cold )− cold )

)
,

p1 = C(c − cd ), and
p3 = −τB(p1∇cold )

∇J(c(u), u) = αu + p3 = 0.
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Control obtained by IC

Control taken for simulation:
u = u0 − ρ∇J(u0) = (1− ρα)u0 − ρp3,
u0 : initial control.
Here: u0 ≡ 0 and ρ ≡ 1

ỹ = B(yold − yold∇yold − cold∇wold ),

c̃ = C
(
cold − τ∇cold ỹ +

τ

Pe
∆(λs(cold )− cold )

)
,

u = τB∇coldC (c̃ − cd ) =: K (yold , pold , cold ,wold ).

This control is used to perform one step of simulation of the
Cahn-Hilliard Navier-Stokes system using the time discretization
(1)–(4).
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Controlled system

The whole system then is given by

ỹ = B(yold − yold∇yold − cold∇wold ),

c̃ = C
(
cold − τ∇cold ỹ +

τ

Pe
∆(λs(cold )− cold )

)
,

u = τB∇coldC (c̃ − cd )

σ(y − yold , v) + ν(∇y : ∇v) + ((yold · ∇)y , v)

+(c∇w , v)− (p, div v)− (u, v) = 0,
(−div y , v) = 0,

(c , v) +
τ

Pe
(∇w ,∇v)− τ(cyold ,∇v)− (cold , v) = 0,

γ2(∇c ,∇v)− (w , v) + (λs(c), v)− (cold , v) = 0.
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Square2Circle I

Morphing a stable distribution (circle) into an unstable (square)
and stabilize it
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Square2Circle II

Figure: The stabilized state together with the stabilizing flow.
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