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Aims of Control

@ Steering a time dependent
system into a 'desired’ state.

@ Stabilizing of instable states.

e Stabilizing against
disturbance.
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Figure: Morphing a bubble into two. Figure: Stabilizing an instable state.
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Outline

@ Construction of the controller

@ IC for a Cahn-Hilliard Navier-Stokes model
@ The Cahn-Hilliard Navier-Stokes system
@ Instantaneous control of CHNS

© Numerics
@ Square2Circle
@ More complex morphing
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Construction of the controller

Outline

@ Construction of the controller
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Construction of the controller

General control concept

x(t) state of some system governed by pdes, A linear operator,
b(x, t) nonlinearity, x4 given desired state

x(t) + Ax = b(x,t) +u

AIM: steer x — x4, t — oo using control u = K(x, t), evaluation of
u should be fast.
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Construction of the controller

Instantaneous control

Time discretization tk*1 = tX + 7 and calculate (u**1, ... u**h)
by minimizing

1, o o as
_ + k-+iy2 ki 1|2
o= 30 oI P S
i=1,...,L

and set u = ukt1.
Approximation of u**1 by one gradient step with suitable initial
control ué‘+1 and step size p > 0.
Here: L =1, — drawback: No sufficient consideration of future
behaviour!
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The Cahn-Hilliard Navier-Stokes system

IC for a Cahn-Hilliard Navier-Stokes model Instantaneous control of CHNS

Outline

@ IC for a Cahn-Hilliard Navier-Stokes model
@ The Cahn-Hilliard Navier-Stokes system
@ Instantaneous control of CHNS
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IC for a Cahn-Hilliard Navier-Stokes model The Cahn-Hilliard Navier-Stokes system

Instantaneous control of CHNS

Setting

Let Q C R? be a spatial domain filled with a fluid containing two
phases A and B with respective concentrations c4 and cg.
Let

CA—CB
catcr
denote the order parameter satisfying —1 < ¢ <1 and ¢ =1 in the
pure A phase and ¢ = —1 in the pure B phase.

|77

The flow y inside Q might be
driven by boundary values or
volume forces and is influenced

by the dynamics at the interface
between A and B.
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et . The Cahn-Hilliard Navier-Stokes system
IC for a Cahn-Hilliard Navier-Stokes model Instantaneous control of CHNS

The Cahn-Hilliard Navier-Stokes system

We consider for mean flow y = 1<
y : flowfield, p : pressure, ¢ : concentration, w : chemical potential

1
(ve,v) + %(W’ Vv)+(yVy,v)

+(p,div v) + (cVw,v) = Vv € H}(Q)?, a.e. t
(div y,v) = Vv € L%O)(Q), a.e.t
(ce,v) + Pie(VW,Vv) (ye,Vv) = Vv € HY(Q), a.e. t

Y(Ve,V(v—c)) = (w,v—c) > (c,v—c) VveK, ae.t

K={veH{(Q)]||v|]<1lae}

C. Kahle Instantaneous Control of CHNS 9



The Cahn-Hilliard Navier-Stokes system
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Numerical handling

@ Variational inequality treated by Moreau-Yosida regularization
As(¢) = smax(0,c — 1) + smin(0, c + 1).

@ Semi-implicit time discretization according to Eyre's nonlinear
scheme.

o(y = Yoid, v) + v(Vy : Vv) + ((Yoid - V)y, v)
+(cVw,v) — (p,divv) =0, (1)
(—div y,v) =0, (2)
(cv) + 5 (VW, VV) = 7(olg, V) = (o V) =0, (3)
72(Vc, Vv) = (w,v) + (As(c), v) = (o, v) = 0. (4)
o=1/7,v=1/RE
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Remarks

@ Navier-Stokes and Cahn-Hilliard are
decoupled — sequential solving.

@ Solution by semi-smooth Newton
method for Cahn-Hilliard.

@ A-posteriori error estimation used
for adaptive spatial discretization
— talk of Michael Hinze
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The Cahn-Hilliard Navier-Stokes system
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Instantaneous control of CHNS

AIM: steer ¢ — ¢4 using distributed control on the Navier-Stokes
equation.
Minimization problem on one time step to obtain control u:

) 1 «
min J(e(u), 1) = 3llc — call® + 2]ul? (P)
s.t.

o(y,v)+v(Vy:Vv)
—(p,div v) = (Uyo/d + U — Cold VWoid — (Yoid - V) Yoid, V),
(divy,q) =0,
(c,v)+ P—(VW Vv) =
v) =

v3(Ve,Vv) — (w,

(Cold7 V) + (CO/d_y7 VV)
(Cotd — As(Cold), v)-
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The Cahn-Hilliard Navier-Stokes system
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The gradient on J

Abbreviations:
@ B the solution operator associated to the quasi-Stokes problem

@ C linear, fourth order solution operator for quasi Cahn-Hilliard
problem

Every minimizer fulfills, p; adjoint state for ¢, ps adjoint state for y:
Y = B(0Yoid — (Yold VYold)) — ColdV Woid + t),
T
c=C (Cold —TyVcod + FeA(As(Co/d) - Cold)) ,
P1 = C(C - CCI)7 and

p3 = —7B(p1Vcop)
VJ(c(u),u) = au+ p3 =0.
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Control obtained by IC

Control taken for simulation:
u=up— pVJ(u) = (1 — pa)ug — pps,
g : initial control.
Here: yp=0and p=1
¥ = B(Yold — YoldVYold — ColdV Wold)
. . T
¢=C <Cold — 7V oy + EA(/\S(CoId) - Co/d)> ,

u=TBVcodC (E — cq) = K(Yold; Pold> Colds Wold )-

This control is used to perform one step of simulation of the
Cahn-Hilliard Navier-Stokes system using the time discretization

(1)-(4).
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Controlled system

The whole system then is given by

¥ = B(Yold — YoldV Yold — Cold V Woid),

~ ~ T

c=C (Cold — TV Coldy + FeA(As(Cold) - Cold)) ,
u= TBVCO/dC (E - Cd)

o(y = Yold> V) + v(Vy : V) + ((Yold - V)y, V)
+(cVw,v) — (p,div v) — (u,v) =0,
(—div y,v) =0,
(c,v) + Ple(vW, Vv) = 7(Yords Vv) — (Cords v) = O,
V(Ve,Vv) = (w,v) + (As(c), v) = (Coia, v) = 0.
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Square2Circle

. More complex morphing
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© Numerics
@ Square2Circle
@ More complex morphing
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Square2Circle
More complex morphing

Numerics

Square2Circle |

Morphing a stable distribution (circle) into an unstable (square)
and stabilize it
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Figure: The stabilized state together with the stabilizing flow.
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More complex morphing
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