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Purpose : Understand the spatial and temporal behavior ofinterative speies whih are modeled by reation-diffusionsystems
In partiular desribe their spatial segregation limits inases where the habitats of the populations beome disjoint

We revisit "old problems" and prove some new results



Introdution

We onsider the system

(
Pk

)







∂tu = d1∆u+ f(u)− kuv, in Ω× R
+

∂tv = d2∆v + g(v)− αkuv, in Ω× R
+

∂νu = 0, ∂νv = 0, on ∂Ω× R
+

u(·, 0) = uk
0 , v(·, 0) = vk0 , on Ω,where

f(s) = λs(1− s), g(s) = µs(1− s) ;

k, α, d1, d2, λ, µ are positive onstants ;
uk
0 , v

k
0 ∈ C(Ω), 0 ≤ uk

0 , v
k
0 ≤ 1 ;

uk
0 ⇀ u0, v

k
0 ⇀ v0 in L2(Ω) as k → ∞.

u, v are the densities of two biologial populations ;
λ, µ are the intraspei� ompetition rates ;
k, αk are the interspei� ompetition rates.
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Some main estimates

There exists a unique lassial solution (uk, vk) of Problem (Pk). It is suh that
0 ≤ uk, vk ≤ 1 in QTIntegrating one of the partial di�erential equations, we obtain

∫∫

QT

ukvk ≤ C(T )/k

Prove that {uk} and {vk} are relatively ompat in L2(QT ). As kn → ∞,

ukn → u, vkn → v a.e. in QT , and uv = 0 a.e. in QT .The limit problem is a free boundary problem. The free boundary separates the regionswhere {u > 0, v = 0} and {v > 0, u = 0}.
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The limit free boundary problem

We an give both

• a weak form, where the free boundary does not expliitely appear ;
• a strong form, with expliit boundary onditions.In order to pass to the limit, we remark that the funtion
wk = uk −

vk

αsatis�es an equation where k does not appear anymore, namely






∂tw
k = d1∆u

k −
d2
α
∆vk + f(uk)−

g(vk)

α
∂νw

k = 0.
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The onvergene result

We prove that as k → ∞,

uk → w+, vk → αw−,strongly in L2(QT ), where the funtion w is the unique weak solution of the problem

(P)







∂tw = ∆D(w) + h(w), in Ω× R
+,

∂νw = 0, on ∂Ω× R
+,

w(·, 0) = w0 := u0 −
v0
α
, on Ω,with D(s) := d1s

+ − d2s
− and h(s) := f(s+) − g(αs−), where s+ = max(s, 0) and s− =

−min(s, 0).
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The strong form of the limit free boundary problem

Assume that, at eah time t ∈ [0, T ], there exists a lose hypersurfae Γ(t) and two subdo-mains Ωu(t), Ωv(t) suh that

Ω = Ωu(t) ∪ Ωv(t), Γ(t) = Ωu(t) ∩ Ωv(t),

w(·, t) > 0 on Ωu(t), w(·, t) < 0 on Ωv(t).Assume furthermore that t 7→ Γ(t) is smooth enough and that (u, v) := (w+, αw−) aresmooth up to Γ(t). Then the funtions u and v satisfy
(P)







∂tu = d1∆u+ f(u) in Qu :=
⋃

{Ωu(t), t ∈ [0, T ]}

∂tv = d2∆v + g(v) in Qv :=
⋃

{Ωv(t), t ∈ [0, T ]}

u = v = 0 on Γ :=
⋃

{Γ(t), t ∈ t ∈ [0, T ]}

d1∂nu = −
d2
α
∂nv on Γ

∂νv = 0 on ∂Ω× [0, T ]

+ initial onditions.We should quote a result by Yoshihiro Tonegawa about the regularity of the interfaeprovided that the interfae is non degenerate, namely that grad u · n 6= 0 on Γ.Singular Limit of Reation-di�usion Systems |7



The two omponent system
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More reent questions

Coming bak to the problem (Pk), we have ompletely haraterized the limit (u, v) of

(uk, vk) as k → ∞.But what about the singular limit of the term kukvk as k → ∞?Can we do so both in the ase that d2 > 0 and in the ase that d2 = 0 ?This is joint work with S. Martin and M. Mimura.
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The ase that d2 ≥ 0

We only suppose that d2 ≥ 0, and onsider again Problem (
Pk

) :
(

Pk
)







∂tu = d1∆u+ f(u)− kuv, in Ω× R
+

∂tv = d2∆v + g(v)− αkuv, in Ω× R
+

∂νu = 0, ∂νv = 0, on ∂Ω× R
+

u(·, 0) = uk
0 , v(·, 0) = vk0 , on Ω,Thus if d2 > 0 we have a oupled system of two paraboli equations, whereas a paraboliequation is oupled to an ordinary di�erential equation if d2 = 0.D. Hilhorst, M. Röger and J.R. King, Mathematial Analysis of a model desribing theinvasion of bateria in burn wounds, Nonlinear Anal. 66 (2007), 1118�1140.D. Hilhorst, M. Röger and J.R. King, Travelling wave analysis of a model desribing tissuedegradation by bateria, European J. Appl. Math. 18 (2007), 583�605.
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The weak form of the limit problem

We an write it in the single uni�ed form, whih we have already seen :
(P)







∂tw = ∆D(w) + h(w), in Ω× R
+,

∂νw = 0, on ∂Ω× R
+,

w(·, 0) = w0 := u0 −
v0
α
, on Ω,with D(s) := d1s

+ − d2s
− and h(s) := f(s+)− g(αs−), with d2 > 0 or d2 = 0.
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onentration of the term ku
k
v
k

Sine ∫

QT

ukvk ≤ C(T )/k ,it follows that there exists a measure µ suh that kukvk ⇀ µ as k → ∞, in the sense of theweak onvergene of measures.We only ompute µ in the ase that the limit problem an be written in a strong formwith a smooth interfae. More preisely, we prove the following result.Theorem. There exists a measure µ suh that
k uk vk ⇀ µ, in the sense of measures.If the interfae Γ is smooth, then µ is loalized on Γ and is given by

µ(x, t) =
1

1 + α
([d1 ∂nu+ d2 ∂nv] + [v] Vn) δ(x− ξ(t)),where the funtion t 7→ ξ(t) is a parametrization of the free boundary Γ.
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onentration of the term ku
k
v
k

Remark. An alternative expression for the measure µ is given by
µ(x, t) =







1

1 + α
[(d1∂nu+ d2∂nv) (ξ(t), t)] δ(x− ξ(t)), if d2 > 0,

1

α
[v(ξ(t), t)] Vn δ(x− ξ(t)), if d2 = 0.
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Proof of the onentration theorem

De�ning µk = k F (uk, vk) and using ψ ∈ C∞

0 (QT ), we have :
∫∫

QT

µk ψ =

∫∫

QT

(

uk ∂tψ + d1 u
k ∆ψ + f(uk)ψ

)

=
1

α

∫∫

QT

(

vk ∂tψ + d2 v
k ∆ψ + g(vk)ψ

)

.Therefore, letting k → ∞ gives

∫∫

QT

µψ =

∫∫

QT

(u ∂tψ + d1 u∆ψ + f(u)ψ) =
1

α

∫∫

QT

(v ∂tψ + d2 v∆ψ + g(v)ψ)
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Proof of the onentration theorem

whih we integrate by parts to obtain

∫∫

QT

µψ =

∫ T

0

∫

Ωu(t)

(−∂tu+ d1∆u+ f(u))
︸ ︷︷ ︸

=0

ψ +

∫ T

0

∫

Γ(t)

[u]
︸︷︷︸

=0

(Vn ψ − d1∂nψ) + [d1∂nu]ψ

α

∫∫

QT

µψ =

∫ T

0

∫

Ωv(t)

(−∂tv + d2 ∆v + g(v))
︸ ︷︷ ︸

=0

ψ +

∫ T

0

∫

Γ(t)

[v]Vn ψ − d2[v]
︸ ︷︷ ︸

=0

∂nψ + [d2∂nv]ψ.

This yields

∫∫

QT

µψ =
1

1 + α

∫ T

0

∫

Γ(t)

([d1 ∂nu+ d2 ∂nv] + [v] Vn) ψ.
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A reation-diffusion system in a porous medium

Danielle Hilhorst and Hideki Murakawa
(Pλ)



























































∂u

∂t
= ∆u− αλG(u, v, w) in QT := Ω× (0, T ),

∂v

∂t
= ∆v − βλG(u, v, w) in QT ,

∂w

∂t
= λG(u, v, w) in QT ,

∂u

∂n
=

∂v

∂n
= 0 on ∂Ω× (0, T ),

u(·, 0) = u0, v(·, 0) = v0, w(·, 0) = w0 in Ω,where Ω is a bounded domain in R
N with smooth boundary, T , λ, α are positiveonstants and β is a positive or negative onstant, and n is the outward normal unitvetor to the boundary.
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A reation-diffusion system in a porous medium

Problem (Pλ) models reative transport in a ement based material where onemineral speies and two aqueous speies reat aording to a kineti law.
w : onentration of a mineral,

u and v : onentrations of the speies in the liquid phase.The funtion G is given by

G(u, v, w) = F (u, v)+ − sgn+(w)F (u, v)−,where,

s+ = max(0, s), s− = max(0,−s), sgn(s) = 













1 if s > 0,

0 if s = 0,

−1 if s < 0.
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A reation-diffusion system in a porous medium

The reation term F is of the form

F (u, v) = uαvβ
+

−Kvβ
−

,where K is a positive onstant, and α and β are algebrai stoihiometri oe�ients,and thus integers.A tehnial problem is that the reation funtion G is not sign-de�nite.In the speial ase that F (u, v) = u − u, Problem (Pλ) redues to a system of twoequations for u and w. The singular limit of the solution (uλ, wλ) as λ → ∞ hasbeen studied by Bouillard, Eymard, Henry, Herbin and Hilhorst, Nonlinear Analysis,Real World Appliations 2009.
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Conditions on F

Set

h = v −
β

α
u.and remark that h satis�es the heat equation together with homogeneous Neumannboundary onditions and the initial ondition h(0) = v0 −

β
αu0. We suppose that(H1) There exists a positive onstant M suh that

0 ≤ u0, v0, w0 ≤ M.(H2) � if β > 0, then for all u, v ≥ 0, F (u, v) is inreasing with u and v, and theinequalities F (0, v) ≤ 0, F (u, 0) ≤ 0 and F (0, 0) ≤ 0 hold,� if β = 0, then F is independent of the seond variable, and for all u ≥ 0,

F (u, 0) is inreasing with u, and the inequality F (0, 0) ≤ 0 holds,� if β < 0, then for all u, v ≥ 0, F (u, v) is inreasing with u and dereasing with

v, and the inequalities F (0, v) ≤ 0, F (u, 0) ≥ 0 hold.
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Conditions on F

(H3) There exist a non-negative funtion f depending only on h, α, β and K and apositive funtion g depending only on u, h, α, β, K suh that f is smooth enough,satis�es a homogeneous Neumann boundary ondition and
F

(

u, h(x, t) +
β

α
u

)

= (u− f(x, t))g(x, t)for all u ≥ 0 and a.e. (x, t) ∈ QT . Examples are given by1. Case α ∈ N , β = 0, F (u, v) = uα −K,
f = K1/α > 0, g =

α
∑

k=1

uα−kK
k−1

α ≥ K
α−1

α > 0,

2. Case α = 1, β = −1, F (u, v) = u−Kv,
f =

K

1 +K
h ≥ 0, g = 1 +K > 0.
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Main result

Theorem. As λ tends to in�nity, the solution (uλ, vλ, wλ) of Problem (Pλ) is suhthat

uλ → f − Z+, vλ → h+
β

α
f −

β

α
Z+, wλ →

1

α
Z−,where Z is the unique weak solution of the Stefan problem

(SP)























∂Z

∂t
= ∆Z+ +

∂f

∂t
−∆f in QT ,

∂Z+

∂n
= 0 on ∂Ω× (0, T ),

Z(·, 0) = f(0)− u0 − αw0 in Ω,
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A priori estimates

Preliminary lemmaThere exists a positive onstant C(λ) depending on T , α, β, λ, F , u0, v0, w0 suhthat

0 ≤ uλ, vλ, wλ ≤ C(λ) in QT .Lemma(i) uλ and vλ are uniformly bounded in L∞(QT ) with respet to λ.(ii) Suppose that either α ∈ N, β = 0 or α = 1, β = −1. Then, wλ is uniformlybounded in L∞(QT ) with respet to λ.
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Further a priori estimates

We de�ne

zλ := f − uλ − αwλ.Lemma

(i)
∥

∥G(uλ, vλ, wλ)
∥

∥

L1(QT )
≤ C/λ,

(ii)
∥

∥wλ
∥

∥

W 1,1(0,T ;L1(Ω))
≤ C,

(iii)
∥

∥uλ
∥

∥

L2(0,T ;H1(Ω))
+
∥

∥vλ
∥

∥

L2(0,T ;H1(Ω))
+
∥

∥zλ
∥

∥

H1(0,T ;H1(Ω)′)
≤ C.
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Error estimate

Theorem Let (uλ, vλ, wλ) be the weak solution of (Pλ) and Z the weak solutionof (SP). Set zλ = f − uλ − αwλ. If there is a positive onstant M independent of λsuh that

‖wλ‖L∞(QT ) ≤ M,then there exists a positive onstant C independent of λ suh that

∥

∥uλ −
(

f − Z+
)
∥

∥

L2(QT )
+

∥

∥

∥

∥

vλ −

(

h+
β

α
f −

β

α
Z+

)
∥

∥

∥

∥

L2(QT )

+
∥

∥zλ − Z
∥

∥

L∞(0,T ;H1(Ω)∗)
≤ Cλ−1/2.
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Thank you
I thank you for your attention
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