
AVNER FRIEDMANAVNER FRIEDMAN
THE OHIO STATE UNIVERSITY

Free Boundary Problems
Arising in Mathematical Biology



Table of Contents

•Introduction
•Tumor Growth (systems of PDE with free
boundary)
•Wound Healing (systems of PDE with free
boundary)



Introduction

•Recent years have seen a dramatic
increase in the number and variety of
new mathematical models of biological
processes that are formulated by
systems of PDEs.

•I will describe such models, with free
boundary, state mathematical results,
and suggest open problems.
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Consider species p (1 )with velocities v  interacting with rates k  
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 density of proliferating cells (cancer cells)
 density of quiescent cells
 density of dead cells
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 Darcy's Law (  = pressure)
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Conservation Law:

Assume

Tumor in porous-like tissue
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Theorem 1.  (X. Chen, Friedman) For smooth                    and
there exists a unique smooth solution for small time interval.

Theorem 2. For radially symmetric data there exists a unique radially
symmetric solution with smooth free boundary r = R(t) for all t>o.
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Questions

1.Does there exist a unique stationary radially
symmetric solution? Is it asymptotically stable?

2.Are there non-radially symmetric stationary
solutions?

Nearly complete answers are known only
in the special where 1 2 31, 0.p p p! ! !
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tumor  Ω(t)
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In addition to the branch of solutions with 
( )  there exist solutions
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as reported in the book by M. Golubitsky, I. Stewart, D.G. Shaeffer: 
"Singularities and Groups in Bifurcation Theory, Vol. II)."
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The spherical solution is unstable for  > . 
But is it asymptotically stable for  <   2
Or does it lose stability at some  < .
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Tumor in fluid-like tissue

The growth of a tumor depends on the tissue
constituency in the environment.
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Model Equations
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DNA is replicated in S phase (S for synthesis).
Chromosomes condense and segregate in M phase (M
for mitosis). Gap phases G1 and G2 separate S and M
phases.

M
1 hr

G2
4 hrs

S
9 hrs

G1
9 hrs

R2 check
point

R1 check
point

Multiscale model
Cell cycle is divided into 4 stages
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         Assume . 1 and use Darcy's Law
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The above system has a local in-time solution, and, in the radially symmetric case, 
the solution is global in time with free boundary ( )
If mutations occur such that
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then   ( )  as  if  >   (cancer)
         ( ) 0 as  if  > .
If however ( ) can control ,
   then ( ) remains bounded, and ( ) (0).   [A. Friedman, B. Hu, C.Y. Kao]

R t t
R t t

K K Q Q
R t R t R

!

! !

! !
"#$ #$

# #$

=



Wound Healing
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  0  on x 0 outside the wound

ji

i i i i j

ji
i j

i i i

vv P t
x x x x

vv P t
x x

v v v x x L x H
v v u v
v x

!

! ! "

=

=

#$ %## #
+ = &' (

# # # #) *

#$ %#
+ = +' (

# #) *

= = = + = = ,

# #
= = = =

# #

-

-

2 2
1 2  x x L+ =

3x H= !



0

max

( ) . 1

( ) 1

P P const F

kw
div v f

t w k

!
!

!

! !
! "!

!

# $
= = %& '

( )

# $*
+ = % %& '

* + ( )

r



The free boundary ø ( , ) 0 satisfies
                  ø n ø 0 or ( )t
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Theorem (A. Friedman, B. Hu, C. Xue, 2011)
    There exists a unique solution for small time
interval.

     Step 1.  Given f, w, prove existence and
estimates for the coupled conservation law for ρ,
and the elliptic free boundary system.

     Step 2.  Include f, w and several other variables
(satisfying PDEs) and use a fixed point theorem.



Open problems:

Global existence
Properties of the wound’s boundary

Recent results in the radially symmetric 2-d case
(Friedman, B. Hu, C. Xue 2011),

Wound
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   The free boundary is  ( ) is decreasing in t

    If  is near 1 (not much oxygen inflow) then 
      ( ) . 0 for all  large ( )
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“Ischemic wounds do not heal”



Experiments Conducted in the
Comprehensive Wound Center at OSU



C. Xue, A. Friedman, C. Sen (PNAS, 2010)

Model Simulations and Experimental Results



Back to the 3-d wound.
Problem.

Give conditions on P and Γ(0) so that the wound
will begin to close.

For example, in the axially symmetric case, if
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Ã(t) = x = z(t,r) ,  r = (x + x ) ,

for which P(x,0) and Ã(0)
                 z | > 0  ?

i.e.            v z - v < 0        v = (v + v )

This is an elliptic problem in a fixed domain!

                   


