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Problem background

e The problem on the motion of two fluids was first investigated by J. Hadamard and by V. Rybczynski
in 1911. They obtained an analytic expression for the solution of the Stokes system corresponding to
the axisymmetric fall of a spherical drop in another fluid with constant velocity.

e Stationary motion of two fluids with unknown closed interface between them was studied by
V. Ja. Rivkind ("77-’84) and by J. Bemelmans (’81). Unfortunately, both investigations have inac-
curacies. Later, V. A. So-lonnikov gave a correct proof of the solvability of the problem governing
stationary fall (or rise) of a drop in liquid medium (*96, °99).

e V. Ja. Rivkind and N. Fridman proved the existence of a solution of a nonlinear nonstationary
problem with a given fixed interface between the fluids (°73).

e In complete statement, the problem on the motion of two fluids with and without surface ten-
sion taken into account on the unknown closed interface was first studied by I. V. Denisova. Using
V. A. Solonnikov’s technique developed for a single fluid in vacuum, she proved a local (in time)
existence theorem for the problem in Sobolev—Slobodetskii functional spaces (’89-90).



e Global (in time) solvability of the problem was studied by N. Tanaka who also used V. A. Solon-
nikov’s technique. But it is necessary to note that the demonstrations of existence theorem in his
paper of 1993 were not convincing.

e Results of Y. Giga and Sh. Takahashi ("94-’95) and of A. Nouri, F. Poupaud and Y. Demay
(’93-"97) concern the existence of global weak solutions for the Stokes and Navier-Stokes equations
describing the motion of two (or several) immiscible fluids with different densities and viscosities, in
the absence of surface tension.

e We proved a local (in time) existence theorem for the problem with surface tension in Holder
spaces (C91-795).

e [. V. Denisova obtained global solvability of the problem on two-phase fluid motion without taking
surface tension into account (2007). This result was proved in Holder spaces.

e Now new researchers began to analyze the problem for two-phase flow. J. Priiss, G. Simonett
found conditions for solution analyticity for the nonlinear problem with an initial interface close to a
half-plane (’09). H. Abels studied the situation when only weak solutions to the problem existed, he
estimated the Hausdorff measure of the interface (C07).



Abstract

e We deal with the motion of two incompressible fluids in a container.

° Thf liquids are separated by an unknown interface on which the surface tension is taken into
account.

e Global existence theorem is proved in anisotropic Holder classes for a small initial velocity and
for a initial configuration of the inner drop close to a ball {|z| < Ry} with drop volume [1].

e We show that fluid velocity | exponentially as ¢ — oo and the interface between the liquids — a
sphere S7, (hoo) = {|x — hoo| = Ro} with a center A, close to 0.

e The proof is based on a local existence theorem in Holder spaces [2] and on an exponential
estimate of Ly-norms of local solutions.

e We follow to V. A. Solonnikov’s scheme for proving global solvability of a problem on the motion
of a single drop with free surface [3].
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1 Statement of the problem
t = 0 : Let a fluid with the viscosity ™ > 0 and the density p™ > 0 occupy a bounded domain
Qf C R?; we denote 9 by I'. And let a fluid with the viscosity v~ > 0 and the density p~ > 0

fill a domain ) surrounding . The boundary S = 9(Qf UT U () is a given closed surface,
SNT =0.

R3 R3

t=20 t>0



Fort > 0 : Ty = 9Q) -2, velocity vector field v(z,t) = (v, vs,v3)—? and the function p—? that
is the deviation from the hydrostatic pressure F), which satisfy the following initial-boundary value
problem :

1
Dtv—l—(v-V)v—yiV%—l—p—in:O, V-v=0 in QF t>0,

Vo =vy in Qp UQS, v|g =0, (1)
v]lp, = lim wv(z)— lim wv(z)=0, [T(v,p)n|lr,=cHn onl}.
rz—xo€ly, r—xo€ly,
et T€Q,
Here D, = 5, V = (50, 5%, 5 ), v, p* are the step functions of viscosity and density, re-

spectively, v, is the initial distribution of the velocity, T(wv, p) is the stress tensor with the elements
Ty = —0fp + p*(0v;/0xy, + Ovy/0xy), i,k = 1,2,3; u* = v=p*, 6F is the Kronecker symbol,
o > 0 1s surface tension coefficient, n is the outward normal to Q;’ , H{(x,t) is twice the mean cur-
vature of Iy (H < 0 at the points where I'; is convex towards €);). We suppose that a Cartesian
coordinate system {z} is introduced in R3. The centered dot denotes the Cartesian scalar product.

We imply the summation from 1 to 3 with respect to repeated indexes. We mark the vectors and the
vector spaces by boldface letters.



We suppose the inner domain ) is close to a ball of its volume. = We introduce a new pressure
function p; = pin Q" and p; = p + JR% in (7. Then the last boundary condition in (1) changes:
+r2 1 . +
Dw+ (v -V)v—v"Vo+—Vp =0, V-o=0 in O, t>0,
P
V|i—mo =v9 in Q5 UQ, v|s =0, )

2
lle, =0, [T(v.pmllr, =o(H+ 5 )m on T

We assume the liquids to be immiscible = A condition excluding the mass transportation through
I'y. < T’y consists of the points (&, t) whose radius vector x(&, t) is a solution of the Cauchy problem

Dix =v(z(&,t),t), (&0 =€, eI, t>0, 3)

where I' = Iy = 9 is a surface given at the initial moment. Hence, (2" = {x = (&, 1)|¢ € Q7 ).
Condition (3) completes system (2).



Transformation into the Lagrangian coordinates

We transform the Eulerian coordinates {x} into the Lagrangian ones {¢} by the formula

t

B(Et) =&+ / w(e,T)dr = Xu(6, 1), )

0

where w (&, 1) is velocity vector field in the Lagrangian coordinates.
We apply the well known relation for twice the mean curvature:

Hn = A(t)x = A(t) X 4,

where A(?) is the Beltrami-Laplace operator on T';.

We separate the boundary condition for the stress tensor in (2) onto the tangential and normal
components. Let n, be the outward normal to I'.



2 Problem in the Lagrangian coordinates

= We arrive at the problem for w and ¢ = p;(X,,, ) with the given interface I'. If - ng > 0 this
system is equivalent to the following one:

1
Dtu—uiviu+p—ivuq:0, Ve-u=0 in QF =QF x(0,7), QF =07,

'U,|t:0 = Py in Q" U Q+, (5)
[ulle, =0, wuls=0, [Ty (u)n]|c, =0,

2
g - Tu(u, ¢)nlla, —ong - A(t) Xule, = aR—OnO ‘n.

The notation: V,, = AV, A is the matrix of cofactors A;; to the elements a;;(£, 1) = (5{ + fot g—g?dt’
- J

of the Jacobian matrix of (4), the vector n is connected with ng by the relation n = Ang/|Anyl;
[lw =w—-—n(n- w), lw=w—mny(ng-w) are the projections of a vector w onto the tangent
planes to I'; and to I, respectively. The tensor T, (w, ¢) has the elements

(Tu(w.q)); = ~8iq + 1 (Ayduwi /06, + Auduw, /96,

Hy(&) = ngy - A(0)€ is twice the mean curvature of T'.



S x (0,7).
ST =
=I'x(0,7)

7, Gr =

QT’

=Q; U

3 X <O7T)’ DT

=07

We denote: ()7

kSvT




We remind the definition of Holder functional spaces. Let €2 be a domain in R”, n € N; for 7" > 0
we put Q7 = Q x (0,7); finally, let o € (0,1). By C**/2(Q)) we denote the set of functions f in
Q7 having norm

a,o/2 a,a/2
PG = | flar + (NG,

where (a,a/2) (a) (a/2)
flor = sup sup|f(z,6)],  (He™ = (A, + ()92,
te(0,T) ze2
(N = sup sup |f(x,) — fy,b)]]e —y|~°,

te(0,T) x,yef2

(Hte. = sup sup |f(z,t) — fla, 7|t — 77" pe(0,1),
z€Q ¢,7€(0,T)

We introduce the following notation:

D; = a|7’|/ax”1‘10$1"n r:(rlw'-rn)a ri>07 |r|:r1+"'+7’na

n

D = 9°)ot', seNU{0}.



Let k € N. By definition, the space C*+*(*+2)/2((),.) consists of functions f with finite norm

(k+a, Bt i (kta,2E2)
flo, "2 = Y IDiDiflas +(fa, " 7,
|r|+2s<k
where oo ke s (132)
kta, =5 TS TS <
P = N opifHa’ + > (DD, -
|r|+2s=k |r|+2s=k—1
The symbol C, fota, S5 (Q27) denotes the subspace of C**+< 7(QT) whose elements f has the prop-

erty: Dif|,_ =0, i=0,.., [’%@}

We define C*"*(2), k € NU {0}, as the space of functions f(z), z € 2, with the norm
|f|g€+o¢ Z ‘Drf’ k+a)
|r|<k

Here

(NS =3"0rHS =3 sup [DLf(x) — DI f(y)lle —y[ ™

frl= frl=k V<

We also need the following semi-norm with o,y € (0, 1):

1+a—y
LAS = (AT + (o s



where

(f)(71+a — max max |f(ZL',t)—f(y,t)—f(l’,T)—i—f(y,TN.

t,7€(0,T) z,y€Q |z — y|r|t — 7|Ate)/2
It is known the estimate

04 (1+ 71-&-701)
(NG <alhe, ™7
We consider that f € CO1F)(Qg) if | flq, + |f|('y 1) g
Finally, if a function f has finite norm
I = (D0, +1,. v e©1), peo),

where
719 = {\f!m +(Hia, if 41> 0,
’ | flor if =0,
then it belongs to the Holder space C7*({)r).
Let us set UQ7 = Q7 U Q7 and

k‘Oé k+a k+(X
Flor™ = A1 + 17155,

(k4o (k+a) k+a)
FIEE) — | p| ko) g,



Theorem 2.1. (Global existence theorem) Suppose thatI' € O3+ v, € C*™(Q; UQY), o €

C¥(Ry), o >0, S e C*™ withsome o € (0,1). Assume also the compatibility conditions
hold:

V-vy=0, vols =0, [vo]lr=0,
1
[/,LiH()S<’l)0)n0HF = 0, [HQ(Vivz'UO — p—iVQ(])HF = 0, (6)

o2, L ’ B
(Ils (v~ Vv p_qu)) =0

where qo(&) = p1(€,0) is a solution of the diffraction problem

1
p—iv2%(f) = -V -DB"|_ vo(§), £eQyuy,
0 2
[q0]|r = [QMia—:;f) : "0] )F - U<Ho(§) + E)), (el (7)
1 9q 1 Oq _
el = o Vil ] = vTns Vool

Here B = A — 1, [ is the identity matrix, B* is the transpose to B, ng is the outward normal to S,

Mew = w — ng(ng - w), 8%0 =ng-V, % =ng-V, Hy(&) = ng - A(O)f‘F is twice the mean
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curvature of I.
Moreover, let for t = 0 T is given by the equation |x| = R(%, O) on the unit sphere S| and the

initial data are small enough, i.e.

(34«a)
1

(2+a) + ’T() S

Oluad

0o ek, 8)

where ro(x) = R(x,0) — Ro, Ry is the radius of the ball Bg,: |Qd| = 47 R3/3.

= Problem (2), (3) is uniquely solvable on the whole positive half-axis t > 0, and the solution
(v,p1) has the properties: v € CHalta2 e Clte)  yp € C%? the function p, being
defined up to a bounded time dependent function. The interface 1'; is given for every t by a function

of C*te: |z — h(t)] = R(é ZI t), it tends to a sphere of the radius Ry with the center in some

point hy,. It means that for arbitrary ty € (0, 00) the solution (u,q) and its derivative in Lagrangian

coordinates are in the corresponding functional spaces over Dy, 1+r) = UQ (t0,t0+7) for a sufficiently
small time interval (to,to + 7). In addition, it holds the estimate
— (2+a,1+a/2) a,a/2) J1+a) . (3+a)
N(to,toJrT)[,U?pl?T] - ‘ |D(,50 to+7) + |V |D(t to+7) | lD (to-to +T> e (Z%§+T) |T( >t)‘51
—bt (24a) 3t+a
< e {Juol (o + ol 7Y, )

where r(w,t) = R(w,t) — R,.



3 Auxiliary propositions

Theorem 3.1. (Local existence theorem.) Let the hypotheses of Theorem 2.1 be satisfied.
= For an arbitrary T > 2 there exists a such (T') that problem (5) has a unique solution (u, q)
with the properties: w € C*"*'"*/?(Dgy), g € CO'4)(Dgy), Vg € C“*(Dgr) provided that

ol + !Ho+—| L < (). (10)

The interface I, is a surface of C*"“—class and it is given by

x=h(t)+y+ N(y)r(%i), y € Sr, = {lyl = Ro},

where N(y) =

t
m | [ w(&,7)dEdT is the barycenter of Q;". Moreover, there holds
0 oF

the estimate

Nomfopr) < cf ool + 1Ho+ o[} an

unE

< {"vo‘ 2+(¥ +’ 0‘ 3+(1 }



Proposition 3.1. Solution of problem (5) satisfies the inequality

Nerolomnr) < ef [ ot ol dr+ [ Jrt s, dr )
Vt € (2,T). In addition, for Vt € (0,T), the estimate
o Olan + I Dlhwges < exe™{ ool + ol

holds. Here Q) = QF U Q.

Corollary 3.1. For an arbitrary t > 2 we have

Na-1[v,p1,7] < e oo 2,0) + 1ol s, |-

Corollary 3.2. The coordinates of the barycenter of Q" satisfy the inequality

1
R0 < g ooy dr < e{lwollaiey + rollws
0

t € (0,7].

(12)

(13)

(14)



3.1 Main steps of the proof of Prop. 3.1

First we prove the exponential estimate. Multiplying the first equation in (2) by p*v and integrating
by parts over €, U (2,7, obtain

- 2
+ —S S _ /H —)n-vdl.
oolBa+ S @0 + IS, = MCAS AL

Use the formula
Hn = Aptm

here Ar, is the Beltrami-Laplace operator on I';, and

2
0/ (H+—)n-vdF:J/ v- At )a:dF——a—|Ft|
Ft R Ft

0

d

pr B
LMool + o0 — 4rBd) } + LIS g + - IS@IE . =



Since 'v‘ ¢ = 0, the Korn inequality holds:

[vllwi) < clS(v)l20- (15)
LY EITPRE I, — 47 R? 2 <0 16
1 QHP V|30 + o (T — 47 RY) + allvlfiy o) <0 (16)

Multiply the first equation in problem (2) by p*W, where W is a solenoidal smooth function
satisfying special estimates, and integrate by parts:

+

d prv-Wdz + / prv - (DW + (v-V)W)dz +/ ’M—S(v) :S(W) dz

—0/ (H+3)n-WdF:o. (17)
r, Ry

Add equality (17) multiplied by small v to inequality (16). =

dyl o o + 2 o
5{5"/) v|30 + v/ prv-Wdz+o(|Ty —47TR0)}+’Y —S(v) : S(W) dzx
0 Q

2
rerlolye - v/ﬂpifw(DtW%—(v-V)W) dx+7a/ (H + —)7dSp, <0.



We set the generalized energy as follows

1
E(t) = Sllp*ola+7 / pfv- W de + o{|Ty| — 47 R3)}.
Q

We also put

&) =aillolfiye, ~ 7 [ oo @OW 4 (0 VW) da
Q

*+ 2
+ 7/ N—S('v) CS(W)dx — 70/ (H + —)rdSg,.
Q 2 SRO RO

We construct such a function W that

Ei(t) = bE(H).

d
— <
dté’(t) +bE(t) <0

from which it follows the exponential estimate due to the Gronwall lemma.



4 The main steps of the proof of global existence Theorem 2.1

4.1 First step

By local existence theorem (Th. 3.1), 3 a solution (v, p;) on (0, Ty]. The magnitude of 7j depends on
the norms of the initial data ~ ¢.

Nyl < e vol 3+ [Ho+ 2-184) < e (18)
We can take 1" > 2 if ¢ is sufficiently small.
Remind: () = Qif U Q,, |€] is the measure of 2. Prop. 3.1 (the exp. estimate) = for Vt, € (2, 7]
Nitg-10)[VsP1,7] < 6 efbto{”VOHM + [lrollw; sl)}

< cxe o (10 Ival 2 + 2t 7).

24« 3+ 1 24« 3+«
= u( 1|0 + (TG < G{lwol (o + Il ™}
t

uOE
[h(t)] < a,

o0
where a = mﬁl/a Je™ dt{HUOHLQ(Q) + HT’0\|W;(51)} S Cof.
0




So, the barycenter of €2, tends to a point /., which is moved by not more than the distance a, it
being small as small . Hence, we can extend the solution on (7', 27").

4.2 Second step

We repeat our arguments. Then we have
-, 22 (2SR <l TG 41 TIS) < ol &2+ Il ),

and for the barycenter of the internal fluid
t
1
O] < AT+ e / (€D, )10 dr

<

TRnE / s, gy i + / e, 7)oy 0} <

€ (T,2T). And so on.



4.3 Transform into the Lagrangian coordinates

Now we transform the Eulerian coordinates {x} into the Lagrangian ones {¢(V} by a new formula
t
X =¢V+ / u(EW,r)dr, €D euE, te(T,20), (19)

T

but really formula (1) is the same as earlier one:

T ¢

X (&) = 5—1—/ u(f,T)dT—i-/ u(§, 7)dr, EcuOE, te(T,27).
0 T

The same remark applies to the barycenter of the internal fluid, since the volume of the fluid is
conserved:

t t
1 3
h(t) = h(Tp) +/m/v(m,7') dzdr = R //V(x,T) dzdr.
To Q:F

OQt+

Thus, we can extend the solution on an infinite interval.



4.4 Limiting position of the barycenter of the internal fluid

The limiting position of the barycenter is estimated from the inequality

hool <@ < C9{||V0H2,Q + H7’0||W21(sl)}

24« 3+a
< C1o<|V0|&;§) + |7“0’qu+ )> < C10€- (20)
Hence the initial distance between the surfaces [" and S should be strictly larger than ¢y (‘Vo‘fgf) +
0

’7_0‘g31+a)> + 01 Ry, in order that the intersection of these surfaces in the future would be excluded.

Finally, using estimates obtained we prove solution uniqueness.
Theorem 2.1 is proved.



Conclusions.
e Unsteady motion of a drop in another incompressible fluid bounded by a rigid surface is consid-
ered.

e Global existence theorem for the problem is proved in Holder classes of functions provided that
the initial velocity of the liquids has small norm and the initial configuration of the drop is close to a
ball with center in drop’s barycenter.

e [t is shown that velocity vector field decays exponentially as ¢ — oo and the interface between
the liquids tends to a sphere {|x — ho,| = Ry} with a center h,, € R? close to drop’s barycenter.

e If initial data are small enough, the inner liquid will remain inside the other one during all the
time.



